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Abstract

This thesis presents two new linear equation solvers, and investigates their ap-
plications in VLSI design automation. Both solvers are derived in the context of a
special class of large-scale sparse left-hand-side matrices that are commonly encoun-
tered in engineering applications, and techniques are presented that can potentially
extend the theory to more general cases.

The first is a stochastic solver that performs the computation by establishing the
equivalence between linear equations and random walks. It has a desirable locality
feature: a single unknown variable can be evaluated without solving the entire
system. For complete solutions, it is competitive in applications with moderate
accuracy requirement.

The second is a hybrid solver: it combines the random walk technique and
traditional iterative approaches. Given a set of linear equations, if the left-hand-
side matrix satisfies certain conditions, it is proven that an incomplete triangular
factorization can be obtained from random walks, and these factors can be used
as a preconditioner in a traditional iterative linear equation solver to accelerate
its convergence. In other words, the proposed hybrid solver is a stochastically
preconditioned iterative solver. It is argued that our factor matrices have better
quality, i.e., better accuracy-size tradeoffs, than preconditioners produced by ex-
isting incomplete factorization methods. Therefore the hybrid solver requires less
computation than traditional preconditioned iterative solvers to solve a set of linear
equations with the same error tolerance, and the advantage increases for larger and
denser sets of linear equations.

The application of these solvers on several problems in VLSI design is illustrated
in this thesis, namely, power grid analysis, chip-level electrostatic discharge (ESD)

simulation, and quadratic placement. We not only demonstrate the efficiency of
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direct usage of the solvers, but also devise a set of application-specific techniques
that are often based on indirect usage of the stochastic solver, due to the fact that
the localized computation process of random walks carries meaningful information
in various scenarios.

For power grid analysis, the locality feature of the stochastic solver enables the
calculation of a single node voltage in DC analysis or a single node voltage at a
single time point in transient analysis, which may potentially translate to dramatic
efficiency improvements in an incremental design environment. Special variations
of the stochastic solver, by introducing hierarchies that fit naturally with power grid
structure, are also derived to speed up complete simulation. To handle early-stage
analysis with uncertainty, the locality feature of random walks is utilized to relate
a single node voltage to the working modes of circuit blocks, and thereby achieve
a fast solution.

For ESD simulation, which requires solving a power grid for up to a few thousand
times with different excitations, a flexible network reduction algorithm based on
random walks is applied to reduce the computational complexity. The locality
feature of random walks naturally leads to the sparsity of the reduced network, and
enables incremental update when the design is modified.

For quadratic placement, the hybrid linear equation solver is applied in each
iteration to compute new locations for circuit modules and cells. The hybrid solver
is compared against traditional preconditioned iterative solvers by measuring the
actual amount of computation needed to solve sets of linear equations with the same
error tolerance, and exhibits significant speedup. A trend is observed that the larger
and denser the left-hand-side matrix is, the more the hybrid solver outperforms

traditional methods, as predicted by our theory.
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Chapter 1

Introduction

This thesis presents two new linear equation solvers. The problem statement is
simply to solve a set of linear algebraic equations Ax = b, where A is a given
square nonsingular matrix, often referred to as the left-hand-side matrix, b is a
given vector, often referred to as the right-hand-side vector, and x is the unknown
solution vector to be computed. The first solver is a stochastic solver based on
random walks. The second solver is a hybrid solver: it combines the random walk
technique and traditional iterative approaches. Both solvers are presented and
proven in the context of a special class of left-hand-side matrices, and techniques
are provided that can potentially extend the theory to more general cases.

The solution of linear equations has been studied for hundreds of years, and
the majority of the solvers fall into two main categories: direct solvers that are
based on matrix factorization, and iterative solvers that begin with an initial guess
and repeatedly refine the solution vector. Although the basic techniques in both
categories can be dated back to the time of C. F. Gauss, the last few decades have
seen significant progress in computational efficiency. For direct solvers, dramatic

performance improvements have been achieved by matrix ordering techniques [2]



[15] [19] [24] [25]; for iterative solvers, powerful Krylov subspace methods [3] [70],
as well as multigrid methods [29], have been developed.

These mathematical innovations have been driven by engineering applications.
For example, partial differential equations are involved in many engineering prob-
lems, and their discretization is a major source of large-scale systems of linear
equations that constantly demand more efficient linear solvers. In recent years,
with the exponential growth in circuit complexity, VLSI design automation has
emerged as another application domain for large-scale linear solvers. Efficient solu-
tions to systems of linear equations are required at several steps of the design cycle,
such as circuit simulation (especially power grid analysis), thermal analysis, and
quadratic placement. All of these problems involve large-scale sparse left-hand-side
matrices: the dimension of A can be millions or more, but the average number of
non-zero entries per row is typically below a hundred. All discussion in this thesis
is limited to such large-scale sparse matrices, and any reference to the density of a
matrix implies a relative density metric defined as the average number of non-zero
entries per row. When a matrix is said to be denser than another, such a statement
refers to the relative density comparison between two matrices that are both sparse.

In VLSI design automation applications, it is often needed to solve Ax = b
multiple times, with the same left-hand-side matrix A, but with different right-
hand-side vectors b. Such multiple solutions are referred to as re-solves.

The competition between direct solvers and iterative solvers is an open argu-
ment, and there is much disagreement over which solvers are suitable for what
scenarios. However, Figure 1.1 is an attempt to discuss the relative strength and
weakness of the solvers, and provides a rough guideline for the choice among them
given different applications. The x-axis represents the density of the left-hand-side

matrix A, and can be measured by the average number of non-zero entries per row.
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Figure 1.1: The choice of linear solver for different applications, as a function of

the density of A and the number of re-solves.

Three applications in VLSI design automation are marked on the x-axis: the aver-
age number of non-zeroes per row in power grid matrices is typically around 4; for
thermal matrices under finite difference discretization, this number is about 7; for
placement matrices, this number ranges from 7 to 17 in our benchmarks. The y-axis
is the number of re-solves needed: the number of times that the linear equations
are to be solved with the same left-hand-side matrix A, but with different right-
hand-side vectors b. When the density of the matrix is low, direct solvers are the
preferred method; when the density is above a certain point, iterative solvers be-
come superior to direct solvers, due to the fact that the time and space complexity
of a direct solver increases dramatically with the matrix density. The convergence
of iterative solvers can be improved if the equation set is multiplied by a precondi-
tioner matrix on both sides, at the overhead cost of building the preconditioner [70].
Such an extra computational cost can be justified when the system of equations is

to be solved for multiple right-hand-side vectors, and therefore, when the number



of re-solves goes above a certain point!, preconditioned iterative solvers become
the preferred choice: after paying the overhead of building a preconditioner, it can
be used repeatedly for different right-hand-side vectors to achieve lower re-solve
runtimes. The shaded region in Figure 1.1 represent applications that involve a
relatively dense matrix A and require a relatively large number of re-solves. For
these applications, it is worthwhile to build a more computationally expensive pre-
conditioner with higher quality, as the overhead is easily amortized. In fact, the
target applications of our proposed hybrid solver lie in the shaded region?.

We now define some terms and notations that underpin the discussion through-
out this thesis®. Let us first consider various factorizations of the left-hand-side

matrix A:

e LU factorization: The equation A = LU is referred to as the LU factor-
ization of matrix A, where L is a lower triangular matrix with all diagonal
entries being 1, and U is an upper triangular matrix. This specific form of LU
factorization is unique when it exists, and is also known as Doolittle factor-
ization in the literature, and in this thesis, any reference to LU factorization
always implies Doolittle factorization.

e Cholesky factorization: If A is symmetric and positive definite, the equa-
tion A = CC7 is referred to as the Cholesky factorization of A, where C' is a

lower triangular matrix referred to as the complete Cholesky factor.

!One may argue that preconditioning is beneficial, and sometimes required, even for a single
right-hand-side vector. For this reason, the region labeled “Iterative solver” in Figure 1.1 should
be read not as iterative solvers without any preconditioning, but rather as ones with a simple
preconditioner: for example, a diagonal preconditioner is commonly used in practice.

2The shaded region covers a corner of the direct solver domain because the hybrid solver may
outperform direct solvers for those applications with marginal density.

3The readers are referred to [19] [25] [70] [83] for a more complete treatment of the basics.



e LDL factorization: A slight variation of Cholesky factorization, the equa-
tion A = LDL" is referred to as the LDL factorization of A, where L is the
same matrix L in the LU factorization, and D is a diagonal matrix with all
positive diagonal values.

e Incomplete Cholesky factor: If A is symmetric and positive definite and
C is its Cholesky factor, a lower triangular matrix B is referred to as an
incomplete Cholesky factor of A if it satisfies the conditions that* BBT ~ A,
and that if B; ; # 0 then C;; # 0, Vi, j.

There are simple relations among these factor matrices: U = DLT and C =
LN/ D, where v/ D is a diagonal matrix in which each entry is the square root of the

corresponding entry in D.

Definition 1 Matriz A is referred to as an R-matriz if it satisfies the following
four properties:

1. A;; >0, Vi.

2. A <0, Vi

3. A=A, Vi# .

4. Matriz A is irreducibly diagonally dominant.

To explain the last condition, let us define the correspondence between matri-
ces and graphs. Given a symmetric matrix A of dimension N, let G be a undi-
rected graph with N nodes labeled 1,2,---, N, such that an undirected edge ex-
ists between two nodes i # j if and only if A;; # 0. This graph G is referred

to as the matriz graph of A, and each node in G corresponds to a specific row

4Here, BBT ~ A in the numerical sense, for example, if matrix (I - (BBT)_lA) has small

absolute eigenvalues.



and a specific column in A. The ™ row of matrix A is said to be diagonally
dominant if |Ai;| > >0, |Ail; it is said to be strictly diagonally dominant if
|Aiil > 3252 1Al Matrix A is said to be irreducibly diagonally dominant if all
rows are diagonally dominant, and in every connected component of the matrix
graph of A, at least one node corresponds to a row that is strictly diagonally dom-
inant. The first and fourth conditions together also imply that an R-matrix is
positive definite [83]. Due to the third and fourth conditions, R-matrices form a
subset of M-matrices® that are well studied in the literature [70] [83].

For clarity of the presentation, most of the discussion in this thesis is limited
to R-matrices, with the exception that Section 3.5 is dedicated to extending the
theory to more general matrix types.

Again, the shaded region in Figure 1.1 contains the challenging problems that
are of interest. For such relatively dense R-matrices A, the most widely used linear
equation solver is the Incomplete Cholesky factorization preconditioned Conjugate
Gradient (ICCG) method [3] [42] [70], which uses (BBT)_1 as the preconditioner,
where B is an incomplete Cholesky factor of A. There are various existing tech-
niques to produce B for ICCG. All of these perform Gaussian elimination on A,

and use a specific strategy to drop insignificant entries during the process. The
following are two widely used methods.
e ILU(0) applies a pattern-based strategy, and allows B, ; # 0 only if A;; # 0
[70].
o ILUT applies a value-based strategy, and drops an entry from B if its value

5A nonsingular matrix is said to be an M-matrix if it satisfies the first two conditions in
Definition 1, and all entries of its inverse matrix are nonnegative. It is provable based on the
first, second and fourth conditions in Definition 1 that an R-matrix must be an M-matrix. An M-
matrix is not necessarily an R-matrix, because it may not satisfy the third and fourth conditions

in Definition 1.



is below a threshold, which is typically determined by multiplying the norm

of the corresponding row of A by a small constant [70].

A more advanced strategy can be a combination of pattern, threshold and other
size limits such as maximum number of entries per row. In later chapters, the pro-
posed hybrid solver is compared against these traditional incomplete factorization
methods using both theoretical argument and numerical tests.

The content of this thesis is organized as follows:

e Chapter 2 presents a stochastic linear equation solver. It is neither a direct
solver nor an iterative solver, but belongs to an often-ignored third category
that took root in [22] [87], and has a desirable locality feature: a single
unknown variable can be evaluated without solving the entire system. We
propose two new techniques that dramatically improve the performance, and
properties of the resulting solver are investigated.

e Chapter 3 presents a hybrid linear equation solver, the centerpiece of this the-
sis. The solver is derived by combining the stochastic solver with traditional
iterative techniques. A mathematical proof is presented that an incomplete
LDL factorization of an R-matrix can be obtained by random walks, and used
to precondition any iterative solver. It is argued that the resulting incomplete
LDL factors have better quality, i.e., better accuracy-size tradeoffs, than the
incomplete Cholesky factors produced by traditional methods, and that the
improvement increases for larger and denser matrices. We also provide tech-
niques that can potentially extend the theory to more general cases beyond
R-matrices, and speculate on future challenges.

e Chapter 4 applies the stochastic solver on power grid analysis. The locality
feature of the stochastic solver enables the calculation of a single node voltage

in DC analysis or a single node voltage at a single time point in transient



analysis, which may potentially translate to dramatic efficiency improvement
in an incremental design environment. Special variations of the stochastic
solver are also derived, by introducing hierarchies that fit naturally with power
grid structure, to speed up complete simulation. For example, DC analysis
of a 7T1K-node power grid with C4 packaging takes 4.16 seconds; a 348K-
node wire-bond DC power grid is solved in 93.64 seconds; RKC analysis of a
642K-node power grid takes 2.1 seconds per timestep.

Chapter 5 applies the stochastic solver on early-stage power grid analysis. To
handle uncertainty, an exact integer linear programming (ILP) method is first
developed, and then the locality feature of random walks is utilized to relate
a single node voltage to the working modes of circuit blocks, and thereby
achieve an effective heuristic. A circuit of 43K nodes is analyzed within 70
seconds, and the worst-case scenarios found correlate well with the results
from an ILP solver.

Chapter 6 applies the stochastic solver on chip-level electrostatic discharge
(ESD) simulation. A flexible network reduction algorithm based on random
walks is applied to reduce the computational complexity. The locality feature
of random walks naturally leads to the sparsity of the reduced network, and
enables incremental update when the design is modified. A complete ESD
check of a benchmark with a 2.3M-node Vpp net and 1000 1/O pads is per-
formed in 13 minutes, and 10 resimulations for incremental changes take a
total of 9 minutes.

Chapter 7 applies the hybrid solver on quadratic placement, which is an exam-
ple application that lies in the shaded region in Figure 1.1. The hybrid solver
computes new locations for circuit modules and cells in each placement iter-

ation, and its performance is compared against both ICCG with ILU(0) and



ICCG with ILUT, by measuring the actual amount of computation needed
to solve linear equations with the same error tolerance. The hybrid solver
shows a speedup of up to 7.1 times over ICCG, and a trend is observed that
the larger and denser the left-hand-side matrix is, the more the hybrid solver

outperforms traditional methods, as predicted by our theory.



Chapter 2

Stochastic Linear Equation Solver

In this chapter, we study a stochastic solution to a set of linear equations, Ax = b,
given that A is an R-matrix. The basic framework is rooted in previous mathe-
matical works of [22] [87], and we develop two new techniques that significantly
improve the efficiency of a stochastic solver.

This chapter is organized as follows. Section 2.1 provides a summary of previ-
ous works that use random walks to solve systems of linear equations. Section 2.2
presents the generic algorithm of the stochastic solver, followed by a simple illustra-
tive example in Section 2.3. Section 2.4 presents the two important new techniques,
and Section 2.5 analyzes the complexity of the stochastic solver. Some implementa-

tion aspects of the stochastic solver are deferred to Section 3.4 in the next chapter.

2.1 A Brief History

A random walk is also known as a discrete-time discrete-state Markov chain, and
is often viewed as a discrete abstraction of the physical phenomenon of Brownian

motion. It forms one category of the general Monte Carlo methods for numerical
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computation. In this chapter, random walks are employed to solve systems of
linear equations where the left-hand-side matrix A is an R-matrix. Historically, the
theory was developed on two seemingly independent tracks, related to the analysis
of potential theory [14] [33] [35] [43] [44] [58] and to the solution of systems of linear
equations [22] [33] [78] [82] [87]. However, the two applications are closely related
and research along each of these tracks has resulted in the development of analogous
algorithms, some of which are equivalent. These mathematical works have found
meaningful applications in electrical engineering [5] [7] [49] [69].

Along the first track, the goal has been to solve Laplace’s equation in a closed
region with given boundary values (i.e., under Dirichlet conditions), and it was
proven that the potential value at a location can be estimated by observing a
number of Brownian particles that start from this location and travel until they
hit the boundary, and taking the average of the boundary values at the end points
[14] [35] [44]. An important improvement was proposed in [58], which proved that,
instead of simulating tiny movements of a Brownian particle, the particle can leap
from a location to a random point on a sphere that is centered at this location,
and that shapes other than a sphere can be used, given the corresponding Green
function'. Another important development was [43], which extended the theory
to solving Poisson’s equation under Dirichlet conditions, as well as more general
elliptic differential equations (under certain restrictions).

The second parallel track, which considered the solution of systems of linear
equations, will be discussed in greater detail here, since it is directly related to this
thesis. The first work that proposed a random-walk based linear equation solver

s [22], although it was presented as a solitaire game of drawing balls from urns. It

'Many years later, this evolved to [49], a successful Monte Carlo algorithm in VLSI design

automation.
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was proven in [22] that, for any matrix A such that p(I — A) < 1, where p is the
spectral radius? of a matrix, a game can be constructed and a random variable® X
can be defined such that E[X] = (A™1);;, where (A™1);; is an entry of the inverse
matrix of A. In [22], the variable X is a “payment” when exiting the game. Under
certain settings, the algorithm of [22] is equivalent to the “home” and “award”
concepts in our theory, which is presented in the next section.

Two years later, the work in [87] continued this discussion in the formulation of
random walks, and proposed the use of another random variable* W to replace X.
A “mass” value was defined for every step in a walk, and W was defined as the total
amount of “mass” carried through a walk. It was proven in [87] that E[W]| = E[X],
and it was argued that, in certain special cases, W has a lower variance than X,
and hence is likely to converge faster. Under certain settings, the algorithm of [87]
is equivalent to the “motel” concept in the next section.

Both [22] and [87] have the advantage of being able to compute part of an inverse
matrix without solving the whole system, in other words, localizing computation.
Over the years, various descendant stochastic solvers have been developed [33] [78]
[82], though some of them, e.g., [78] [82], do not have the property of localizing
computation.

From a different perspective, the work in [18] aimed at investigating random
walks by using electrics. It drew a parallel between resistive networks and random
walks, and interpreted the relationship between conductances and probabilities.

With underlying rules similar to [22], [18] proved many insightful conclusions linking

2The spectral radius of a matrix is defined as its maximum absolute eigenvalue. For example,
here p (I — A) = max; |\ (I — A)|, where \; denotes the [*!' eigenvalue of a matrix.
3The notations are different from the original ones used in [22].

4The notations are different from the original ones used in [87].

12



statistics and electrics, and inspired much of the work in Chapter 4.

Two other important works on this topic, [30] and [55], are deferred to Section
3.1.1, where they are reviewed in a more relevant context.

The basic framework of this chapter, to be presented in the next section, is
mathematically a combination of [22] and [87], and it inherits the property of lo-
calizing computation. Not surprisingly, in potential theory, there is a method that
can be viewed as roughly parallel to our basic framework: the counterpart is [43].
Beyond these legacies, we present two important efficiency-improving techniques
in Section 2.4, which are not seen in previous works, and which not only play a
crucial role in solving engineering problems in Chapters 4, 5 and 6, but also form

the foundation of the hybrid solver in Chapter 3.

2.2 The Generic Algorithm

Home

T”
mi@ —

Home

Home
Yy

&

Figure 2.1: An instance of a random walk “game.”

13



Let us consider a random walk “game” defined on a finite undirected connected
graph representing a street map, for example, Figure 2.1. A walker starts from one
of the nodes, and every day, he/she goes to an adjacent node [ with probability p;,
for I =1,2,--- ,degree(i), where ¢ is the current node, degree(i) is the number of
edges connected to node i, and the adjacent nodes are labeled 1,2,--- degree(i).

The transition probabilities satisfy the following relationship:

degree(i)

Z pia=1 (2.1)

=1

The walker pays an amount m; to a motel for lodging everyday, until he/she reaches
one of the homes, which are a subset of the nodes. Note that the motel price m;
is a function of his/her current location, node i. The game ends when the walker
reaches a home node: he/she stays there and gets awarded a certain amount of
money, mg. We now consider the problem of calculating the expected amount of
money that the walker has accumulated at the end of the walk, as a function of the
starting node, assuming he/she starts with nothing.

The gain function for the walk is therefore defined as
f(i) = E[total money earned |walk starts at node i (2.2)

It is obvious that

f(one of the homes) = my (2.3)

For a non-home node 7, again assuming that the nodes adjacent to ¢ are labeled 1,

2, -+ degree(i), the f variables satisfy

degree(i)

Fa)y =" puf)—m (2.4)

=1

For a random walk game with N non-home nodes, there are N linear equations
similar to the one above, and the solution to this set of equations will give the

exact values of f at all nodes.
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In the above equations obtained from a random walk game, the set of allowable
left-hand-side matrices is a superset of the set of R-matrices®. In other words, given
a set of linear equations Ax = b, where A is an R-matrix, we can always construct
a random walk game that is mathematically equivalent, i.e., such that the f values
are the desired solution x. To do so, we divide the i'! equation by A;; to obtain

A; bi
Ii+z AAJA%’ A
g

(2.5)

=3 (52) e g 0

Equation (2.4) and equation (2.6) have seemingly parallel structures. Let N be the

dimension of matrix A, and let us construct a random walk game with N non-home
nodes, which are labeled 1,2,--- | N. Due to the properties of an R-matrix, we have
° (—%) is a non-negative value and can be interpreted as the transition prob-

ability of going from node ¢ to node j.

° (—%) can be interpreted as the motel price m; at node 7.

However, the above mapping is insufficient due to the fact that condition (2.1)

may be broken: the sum of the (—%) coefficients is not necessarily one. In fact,
A

because all rows of matrix A are diagonally dominant, the sum of the <—A—J)
coefficients is always less than or equal to one. Condition (2.1) can be satisfied if
we add an extra transition probability of going from node ¢ to a home node, by

rewriting equation (2.6) as the following.

A j Yo A b
$1_2<—A7]>$]+Lm0+

i 1,1 Ai,i
where b; = bl — ZAZ'J un (27)
vj

5Tt is a superset of R-matrices because a left-hand-side matrix from a random walk game is

not necessarily symmetric.
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P
. . A . .
It is easy to verify that —4—= is a non-negative value for an R-matrix, and that the

following mapping establishes the equivalence between equation (2.4) and equation
(2.7), while satisfying (2.1) and (2.3).
° L—%) is the transition probability of going from node i to node j.

]
. ——
A.

—= is the transition probability of going from node ¢ to a home node with

1,1

award mg.

° (—:_/i_) is the motel price m; at node 1.

The choice of my is arbitrary because b, always compensates for the my term in
equation (2.7), and in fact mg can take different values in (2.7) for different rows

i. Therefore the mapping from an equation set to a game is not unique. A simple

b;
Aig’

scheme can be to let my = 0, and then m; = —

It is worth pointing out that, if the home nodes are removed from Figure 2.1,
the remaining graph is the matrix graph of A, regardless of the choice of award
values. The set of nodes that are adjacent to the home nodes correspond to the
set of rows in A that are strictly diagonally dominant. The fourth property of an
R-matrix from Definition 1 guarantees that each node has at least one path to a
home node. In this thesis, a home node is also referred to as a terminal or an
absorbing node, and these three terms are used interchangeably.

To find z;, the i*" entry of solution vector x, a natural way is to simulate a
certain number of random walks from node ¢ and use the average monetary gain
in these walks as the approximated entry value. If this amount is averaged over a
sufficiently large number of walks by playing the “game” a sufficiently large number
of times, then by the Law of Large Numbers [88], an acceptably accurate solution
can be obtained. This is the idea behind the proposed generic algorithm that forms
the most basic implementation.

According to the Central Limit Theorem [88], the estimation error of the above
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procedure is asymptotically a zero-mean Gaussian variable with variance inversely
proportional to M, where M is the number of walks. Thus there is an accuracy-
runtime tradeoff. In implementation, instead of fixing M, one may employ a stop-

ping criterion driven by a user-specified error margin® A and confidence level” a:
P[-A <z —z; <Al >« (2.8)

where 2/ is the estimated " solution entry from M walks. If the standard devia-
tion of the M sample walk-results is o, the above criterion can be approximately

converted to the following inequality that can be used in practice.

Q(A\;M> _l-a

2

e (Ql?%“))? >

where () is the standard normal complementary cumulative distribution function,

defined as
1 o) 7ﬁd
= — (& 2 U

According to condition (2.9), M is decided dynamically®, and has different values
for different nodes. It is worth noting that for each node, for a fixed confidence
level, M ﬁ.

A desirable feature of the proposed algorithm is that it localizes the computa-

tion, i.e., it can calculate a single entry in vector x without having to solve the

6Here the error margin is defined on absolute error. A similar formulation can be derived for
relative error.

"A typical confidence level can be, for example, o = 99%.

8Because of the fact that the estimation error has a precise Gaussian distribution only when
M goes to infinity, and that o is an estimate of its actual standard deviation, condition (2.9) is
only an approximation to condition (2.8). To ensure accuracy, it is necessary to impose a lower

bound on M, e.g. 20 walks.
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entire set of equations; or in general, we only need to compute entries that are of
interest. Such a locality property is meaningful in certain applications, and in fact
Chapters 4, 5 and 6 all take advantage of the localized computation in different

ways.

2.3 A Simple Example

In order to illustrate the procedure of the generic algorithm from the previous

section, let us consider the following equation set, where the left-hand-side matrix

is an R-matrix, and the exact solution is x = [0.6,0.8,0.7, 0.9]T.
1.5 0 -1 0 1 0.2

-1 -1 225 —-0.25 T3 —0.05

0 0 —0.25 1.25 x4 0.95

Applying the mapping in equation (2.7) to this equation set, an equivalent random
walk game is constructed and shown in Figure 2.2, where numbers inside circles
represent motel prices and home awards, and numbers beside the arrows represent
the transition probabilities from each node to a neighboring node. Note that the
mapping from an equation set to a game is not unique: in this case, the award value
my is arbitrarily chosen to be 1; other choices may lead to different game settings.

To find out the first entry x;, the walker starts the game at node 1 with zero
balance. He/she pays the motel price of $0.2, then either goes upwards with prob-
ability 0.33 to the terminal and end this walk, or goes downwards with probability
0.67 to node 3, then pays $0.022, and continues from there. A random walk could
be very short (for example, the walker may directly go up and end up with $0.8),

or very long (it may keep going back and forth between the four nodes, and the
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Figure 2.2: A random walk game equivalent to the example equation set.

walker could end up with very little money), although the probability of a very long
walk is low. We perform M such walks, take the average of the M results, discard

the dollar unit, and obtain the estimated x;.

Table 2.1: Observed convergence behavior of solving the simple example. A is the
error margin in equation (2.8), z) is the estimated value, and M is the actual number

of walks used. Five tests use different seeds for the random number generator.

A Test run #1 Test run #2 Test run #3 Test run #4 Test run #5
0.05 | 0.6097 | 174 | 0.6067 | 156 | 0.5803 | 184 | 0.6418 | 103 | 0.6241 | 117
0.02 | 0.6087 | 1150 | 0.6075 | 946 | 0.5979 | 1140 | 0.5837 | 1254 | 0.6084 | 1232
0.01 | 0.6034 | 4562 | 0.6013 | 4664 | 0.6043 | 4315 | 0.5982 | 4441 | 0.6016 | 4619

Table 2.1 shows how the estimated voltage converges to the exact value of 0.6.
The five columns in the table represent five different runs of the proposed algorithm,

corresponding to different seeds for the random number generator.
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2.4 Two Speedup Techniques

The basic framework described in the previous two sections has existed in the
literature for over fifty years, yet stochastic linear equation solvers have largely
failed to make any significant impact on mainstream applications.

In this section, we propose two new techniques that dramatically improve the
performance of the stochastic solver. They have far-reaching significance and play

a crucial role in later chapters.

2.4.1 Creating Homes

As discussed in the previous two sections, a single entry in the solution vector
x can be evaluated by running random walks from its corresponding node in the
game. To find the complete solution x, a straightforward way is to repeat such
procedure for every entry. This, however, is not the most efficient approach, since
much information can be shared between random walks.

We propose a speedup technique by adding the following rule: after the compu-
tation of z; is finished according to criterion (2.9), node i becomes a new home node
in the game with an award amount equal to the estimated value . In other words,
any later random walk that reaches node i terminates, and is rewarded a money
amount equal to the assigned z;. Without loss of generality, suppose the nodes are
processed in the natural ordering 1,2,--- , N, then for walks starting from node £,
the node set {1,2,---  k — 1} are homes where the walks terminate (in addition
to the original homes generated from the strictly-diagonally-dominant rows of A),
while the node set {k,k + 1,---, N} are motels where the walks pass by.

One way to interpret this technique is by the following observation about equa-

tion (2.4): there is no distinction between the neighboring nodes that are homes
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and the neighboring nodes that are motels, and the only reason that a random
walk can terminate at a home node is that its f value is known and is equal to the
award. In fact, any node can be converted to a home node if we know its f value
and assign the award accordingly. Our new rule is simply utilizing the estimated
x}, &~ x; in such a conversion.

Another way to interpret this technique is by looking at the source of the value
x}. Each walk that ends at a new home and obtains such an award is equivalent to
an average of multiple walks, each of which continues walking from there according
to the original game settings.

With this new method, as the computation for the complete solution x proceeds,
more and more new home nodes are created in the game. This speeds up the
algorithm dramatically, as walks from later nodes are carried out in a game with a
larger and larger number of homes, and the average number of steps in each walk is
reduced. At the same time, this method helps convergence without increasing M,
because, as mentioned earlier, each walk becomes the average of multiple walks.
The only cost? is that the game becomes slightly biased when a new home node is
created, due to the fact that the assigned award value is only an estimate, e.g. 2 #
x;; overall, the benefit of this technique dominates its cost.

Due to this speedup technique, the nodes computed early in the algorithm and
those computed late are treated differently. Therefore, the ordering of nodes could
potentially affect the performance. Random ordering is used in our implementation,
because as computation proceeds, the density of home nodes is increased evenly
throughout the game graph, and the performance of the algorithm is stable. Further

discussion on ordering is presented in Section 3.4.4.

9The cost discussed here is in the context of the stochastic solver only. For the hybrid solver

in Chapter 3, this will no longer be an issue.
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2.4.2 Bookkeeping

For the same left-hand-side matrix A, traditional direct linear equation solvers are
efficient in computing solutions for multiple right-hand-side vectors after initial
matrix factorization, since only a forward/backward substitution step is required
for each additional solve. Analogous to a direct solver, we propose a speedup
mechanism for the stochastic linear equation solver.
The mechanism is a bookkeeping technique based on the following observation.
In the procedure of constructing a random walk game discussed in Section 2.2,
the topology of the game and the transition probabilities are solely determined by
matrix A, and hence do not change when the right-hand-side vector b changes.
Only motel prices and award values in the game are linked to b.
When solving a set of linear equations with matrix A for the first time, we create
a journey record for every node in the game. The following information is listed in
the journey record.
e For any node 7, record the number of walks performed from node 7.
e For any node i and any motel node!® j, record the number of times that walks
from node ¢ visit node j.
e For any node i and any home node!! j, which can be either an initial home
node in the original game or a new home node created by the technique from

Section 2.4.1, record the number of walks that start from ¢ and end at j.

Then, if the right-hand-side vector b changes while the left-hand-side matrix

A remains the same, we do not need to perform random walks again. Instead, we

10The journey record is stored in a sparse fashion, and a motel j is included only if walks from
node ¢ visit 7 at least once.
1A home node j is included in the journey record only if at least one walk from node i ends at

home j.
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simply use the journey record repeatedly and assume that the walker takes the same
routes, gets awards at the same locations, pays for the same motels, and only the
award amounts and motel prices have been modified. Thus, after a journey record
is created, new solutions can be computed by some multiplications and additions
efficiently.

Practically, this bookkeeping technique is only feasible after the speedup tech-
nique from Section 2.4.1 is in use, for otherwise the space complexity can be pro-
hibitive for a large matrix. When both techniques work together, empirically and
for certain accuracy level, the space complexity of bookkeeping is less than the
space complexity of a traditional direct solver, and is approximately linear in the
matrix dimension'?.

In the next chapter, this bookkeeping technique serves as an important basis of
the hybrid linear equation solver. There the bookkeeping scheme itself is modified
in such a way that a rigorous proof is presented in Section 3.2.2 showing the fact
that the space complexity of the modified bookkeeping is upper-bounded by the

space complexity of the matrix factorization in a direct solver.

2.5 Runtime Trends

In this section, we argue'® that the average-case or typical runtime of the stochastic
linear equation solver is linear in the dimension of the matrix, given the same
required error margin A and confidence level «, for matrices A of similar structures

and right-hand-side vectors b of similar magnitude. Artificial test cases are used

12 Actual memory consumption numbers of using this in power grid simulation are listed in
Chapter 4 to validate this claim.
BThis is a qualitative argument, not a rigorous proof, and only applies under the notion of

similar matrix structure.

23



to validate this argument.

First, let us define the notion of “similar structure” for R-matrices: this implies
that the average number of non-zero entries per row is similar, that the average
value of diagonal entries is of similar magnitude, that the percentagelz3 of strictly-

it jriAig

. . S A
diagonally-dominant rows is similar, and that the average value of over

strictly-diagonally-dominant row ¢’s is similar. As examples of matrices of similar
structures, four artificial matrices are constructed such that they can all be mapped
to a random walk game where the street map is a two-dimensional rectangular grid
as follows: the four grid sizes are 50 x 50, 100 x 100, 500 x 500 and 1000 x 1000
respectively; nodes at the intersections of the (25 + 50k)*™® horizontal grid lines and
the (25 + 501)™ vertical grid lines are home nodes, where k and [ are nonnegative
integers. Note that home nodes do not have corresponding rows or columns in
matrix A. Let all diagonal entries of the four A matrices be 4, and let all non-zero
off-diagonal entries be —1. It can be verified that these four matrices are all R-
matrices, and that the rows that are strictly diagonally dominant Cporrespond to the
immediate neighbors of home nodes, and for such a row i, %

0.25.

is always

The notion of “similar magnitude” for vectors is straightforward. For example,
four right-hand-side vectors b can be defined for the above four matrices, such that
the length of each vector is equal to the dimension of the corresponding matrix,
and that all entries are the same value 0.0005.

Let us use the above-defined four pairs of left-hand-side matrices A and right-
hand-side vectors b to show numerical results first, and then look at the reason
behind the linear complexity. In all four cases, the value range of the entries in
the exact solution x is roughly the same interval (0,1). They are all solved by the

stochastic solver using a random ordering of nodes, and with the same error margin
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A = 0.05 and the same confidence level a = 99%; in other words, the accuracy
requirement is P[—0.05 < error < 0.05] > 99%. The metric of complexity is the
total number of steps over all the random walks, where each step corresponds to
one random-number generation, a few logic operations and one addition. Table 2.2
lists the total step numbers of solving the four test cases, and shows a sublinear

complexity for small sizes, and more strictly linear complexity for larger sizes.

Table 2.2: The time complexity of the stochastic solver on artificial test cases.

Test case | Dimension | Total step number
#1 2.5e3 2.4e7
#2 1.0e4 7.5e7
#3 2.5eb 1.7¢9
#4 1.0e6 6.4€9

The roughly linear complexity is due to the fact that the average amount of
computation per node is independent of the graph size. Let us consider two games
with node counts N; and N,, which are each solved using a random ordering of
nodes. Recall that due to the speedup technique in Section 2.4.1, solved nodes
become home nodes. At the same stage of the computation, for example, when
5%N; nodes are solved in the first game and 5%N, nodes are solved in the second
game, because the densities of “homes” are the same (roughly 5%) in both games,
the average lengths of walks are the same in both games. Since the vectors b
are of similar magnitude, and hence motel prices in both games are of similar
magnitude, the typical o values in equation (2.9) are also similar in both games.
Thus, according to the stopping criterion (2.9), the typical M values are similar in
both games at this stage, i.e., 5% complete. Therefore, the amount of computation

for the (5%N; + 1) node in the first game, is close to the amount of computation
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for the (5%N, + 1) node in the second game, in the average case, and this is
true for other percentage values as well. Therefore, the overall average amount of
computation per node, which is equal to the average over all percentages, should
be the same value for both games, and independent of their different graph sizes.
Therefore, for matrices with similar structures, the complexity of the stochastic

solver is linear in the matrix dimension.
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Chapter 3

Hybrid Linear Equation Solver

The stochastic linear equation solver presented in the previous chapter, with the
two new speedup techniques, is useful in applications that require localized or in-
cremental solution of systems of linear equations, or when a complete solution is
needed with moderate accuracy requirements. Chapters 4, 5 and 6 demonstrate its
efficiency in several applications in VLSI design automation.

For a complete solution under high accuracy requirements, however, the stochas-
tic solver retains an inherited weakness: according to equation (2.9), M o 17 for
a fixed confidence level. For example, if we halve the error margin A, the time
complexity of the stochastic solve increases by a factor of four. Such scaling behav-
ior renders the stochastic solver inefficient when high accuracy is required for the
complete solution vector. Empirically, we have found that 3% relative error needs
to be tolerated in order for the stochastic solver to be faster than a state-of-the-art
direct or iterative solver in an initial complete solve, or to be faster than a direct
solver in a complete re-solve.

In this chapter, this accuracy restriction is eliminated by exploring the full

potential of the two speedup techniques from the previous chapter. We prove that
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for an R-matrix A, an incomplete LDL factorization can be obtained from random
walks, and used as a preconditioner for an iterative solver, e.g., conjugate gradient.
Since the eventual proposed solver is a stochastically preconditioned iterative solver,
which combines two traditionally separate categories of linear solvers, we call it a
hybrid solver.

This chapter is organized as follows. Section 3.1 presents an initial prototype
hybrid solver. Section 3.2 provides a mathematical proof that an incomplete LDL
factorization of an R-matrix is formed by random walks. Section 3.3 summarizes the
procedure of the final hybrid solver for R-matrices, and argues that its performance
is superior to traditional ICCG. Section 3.4 discusses several implementation as-
pects of the hybrid solver. Section 3.5 extends the theory to more general matrices

beyond R-matrices.

3.1 An Initial Hybrid Solver

This section is a first attempt at combining stochastic and iterative techniques in
a linear equation solver. The presented prototype algorithm is different from the
final hybrid solver, and serves as a stepping-stone: it helps to relate to two existing
works in literature, and helps to explain the final theory from the perspective of a

stochastic solver.

3.1.1 The Sequential Monte Carlo Method

One basis of the proposed prototype algorithm is the sequential Monte Carlo
method, which was initiated in [55] and developed in [30] [32], and is a remedy
that improves the accuracy of a stochastic solver.

Let x’ be an approximate solution to Ax = b found by a stochastic solver, such
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as the one described in the previous chapter. Define the residual vector:
r=>b— Ax' (3.1)
Define the error vector:
z=x—X (3.2)
For the system Ax = b, it is easy to verify the following relation.
Az =r (3.3)

The idea of the sequential Monte Carlo method is to iteratively solve (3.3)
using the stochastic solver. In each iteration, an approximate error vector z is
computed and then used to correct the current solution x’. Algorithm 1 shows the

pseudocode!, and the process ends when the desired accuracy is achieved.

Algorithm 1 Sequential Monte Carlo algorithm:

Stochastic solve Ax =b, find xY;

For j=0,1,2,---, until convergence, do {
i =b— Axd;
Stochastic solve Az = I‘j, find zj;

It = xJ 7

3.1.2 A Prototype Solver

Although the sequential Monte Carlo method has existed for over forty years, it

has not resulted in any powerful solver that can compete with direct and iterative

In both Algorithm 1 and Algorithm 2, superscripts are used to signify indices of iterations.
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solvers, due to the fact that random walks are needed in every iteration, resulting
in a relatively high overall time complexity. By integrating the two new speedup
techniques from Section 2.4, we can finally build a stochastic solver with significant
computational efficiency, and it is referred to as a prototype hybrid solver.

The algorithm is based on the observation that, in Algorithm 1, the initial so-
lution to Ax = b and the subsequent solutions to the equations Az = 1J deal with
the same left-hand-side matrix A, but with multiple right-hand-side vectors. There-
fore, according to the bookkeeping technique from Section 2.4.2, random walks are
only needed in the initial step of Algorithm 1, with a journey record created at the
same time, and the journey record can be used to perform computation inside the
iterations without running a single extra walk. This results in the solver described
in the pseudocode in Algorithm 2. Note that this is not yet the eventual hybrid

solver that we propose, and is only an initial prototype algorithm.

Algorithm 2 An initial hybrid algorithm:

Solve Ax =Db, find XO, create journey record;
For j=0,1,2,---, until convergence, do {
r=b— AxJ;
Apply record on Az =1, find z};

A precise representation of the journey record is investigated in the next section;
at this time, it suffices to note that the calculations that are used to apply the
journey record are purely linear operations. Therefore, for the approximate solution

of Az = 1J, the overall effect of applying the journey record can be written as a
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matrix-vector multiplication in the form of the following equation.
7l =T (3.4)

where T' is a square matrix that represents the process of applying the record of
random walks. The matrix 7" has a special structure to be discussed in the next
section, and the above equation is used here for clarity of presentation. Note that T’
is built by an approximate solution of Ax = b, and thus T’ ~ A~!. The computation

during one iteration of Algorithm 2 can be represented as follows.

Xt = X+ T
= xX47T (b — ij)
= (I-TA)X +Tb (3.5)

Equation (3.5) is in exactly the same form as a preconditioned Gauss-Jacobi

iterative solver, where the preconditioner is 7'. Its convergence condition is [70]:
p(I—-TA) <1 (3.6)

where p is the spectral radius, i.e., the maximum absolute eigenvalue, of a matrix.
Condition (3.6) is satisfied since T' ~ A~!, assuming that the initial stochastic
solution that builds T is accurate enough. It is well known that an iterative process

of the type in (3.5) converges to [70]:

x* = (I—(I—TA) 'Tb
= A'b (3.7)
which is the exact solution.

By now, we have shown that Algorithm 2 is an iterative solver with a precon-

ditioner built by an stochastic solver. As mentioned earlier, this is only a first cut
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at the hybrid approach. To refine it, we observe that the iterative mechanism does
not have to be Gauss-Jacobi as in equation (3.5), and potentially can be any iter-
ative solver. Since R-matrices are symmetric and positive definite, a better choice
than Gauss-Jacobi is likely to be the preconditioned conjugate gradient (PCG)
method. However, the PCG method requires its preconditioner to be a symmetric
matrix, which is a condition that may not be met by the matrix 7" in this prototype
algorithm.

The next section investigates the structure of a journey record, and presents
a mathematical proof that, using only a fraction of the journey record and hence
with lower storage than matrix 7', a symmetric incomplete LDL factorization can
be obtained. Our final hybrid solver for R-matrices will use such an incomplete

LDL factorization with PCG.

3.2 Proof of Incomplete Factorization

Referring back to the terminology and notation defined in Chapter 1, and suppose
that the exact LDL factorization of an R-matrix A is A = LDLT, the goal of this
section is, by extracting information from the journey record of random walks, to

construct a lower triangular matrix L’ and a diagonal matrix D’ such that
L,=1, Vi
if L;,j 7é 0 then Li,j 7é O, VZ,]
L'~ L
D'~ D (3.8)

The proof is described in two stages: Section 3.2.1 proves that the journey record

contains an approximate L factor, and then Section 3.2.2 proves that its non-zero
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pattern is a subset of that of the exact L factor. The formula of the diagonal D
factor is derived in Section 3.2.3.

The procedure of finding this factorization is independent of the right-hand-side
vector b. Throughout this section, any appearance of b is symbolic: its entries do
not participate in actual computation, and the involved equations are true for any

possible vector b.

3.2.1 The Approximate Factorization

Suppose the dimension of matrix A is N, and its k™ row corresponds to node k
in Figure 2.1, £ = 1,2,--- ,N. Without loss of generality, assume that in the
stochastic solution, the nodes are processed in the natural ordering 1,2,---, V.
According to the speedup technique in Section 2.4.1, for random walks that start
from node k, the nodes in the set {1,2,--- ,k — 1} are already solved and they
now serve as home nodes where a random walk ends. The awards for reaching
nodes {1,2,--- , k — 1} are the estimated values of {1, xs,- - ,xx_1} respectively.
Suppose that in equation (2.7), we choose my = 0, and hence the motel prices are
b

given by m; = —x~, for i =k, k+1,--- , N. Define the following notations.

e Let M, be the number of walks carried out from node k.

o Let Hj, be the number of walks that start from node k£ and end at node
i€{1,2,-- k—1}

e Let J;; be the number of times that walks from node £ pass the motel at

node i € {k,k+1,--- ,N}.

Taking the average of the results of the M walks from node k, we get the

following equation for the estimated solution entry.

;T Heaw 4 0 Tt
Ty = M, (3.9)
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where z, is the estimated value of z; for ¢ € {1,2,--- |k —1}. Note that the awards
received at the initial home nodes are ignored in the above equation since my = 0.

Moving the Hy; terms to the left side, we obtain

k—1 N

Hk‘i / / Jk‘z

—x, + T, = ——b; 3.10
= M ' ; M A (10

By writing the above equation for £k = 1,2,--- , N, and assembling the N equations

together into a matrix form, we obtain
Yx'=7b (3.11)

where X’ is the approximate solution produced by the stochastic solver; Y and Z

are two square matrices of dimension N such that

Yie = 1, Vi
Hy .
Y, = ——k ks
k, M, ¢
Yei = 0, Vk < i
Tk .
Zpi = —— Vk<
o M A;; =1
Zyi = 0, Vk > i (3.12)

These two matrices Y and Z are the journey record built by the bookkeeping
technique in Section 2.4.2. Obviously Y is a lower triangular matrix with unit
diagonal entries, Z is an upper triangular matrix, and their entries are independent
of the right-hand-side vector b. Once Y and Z are built from random walks,
given any b, one can apply equation (3.11) and find x’ efficiently by a forward
substitution. The matrix 7" defined in (3.4) in the previous section is simply ¥ 71 Z.

It is worth pointing out the physical meaning of the entries in matrix Y: the
negative of an entry, (—Yj;), is asymptotically equal to the probability that a

random walk from node k ends at node ¢, when M, goes to infinity. Another
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property of matrix Y is that the sum of every row is zero, except for the first row
where only the first entry is non-zero.

From equation (3.11), we have
Zlyx' =b (3.13)

Since the vector x’ in the above equation is an approximate solution to the original

set of equations Ax = b, it follows that?
7Y ~ A (3.14)

Because the inverse of an upper triangular matrix, Z !, is also upper triangular,
equation (3.14) is in the form of an approximate “UL factorization” of A. The
following definition and lemma present a simple relation between UL factorization

and the more commonly encountered LU factorization.

Definition 2 The operator rev(-) is defined on square matrices: given matriz A of

dimension N, rev(A) is also a square matriz of dimension N, such that

reV(A)m' = AN+17i,N+1fj7 Vi, j € {1, 2, ,N}

In simple terms, the operator rev(-) merely inverts the row and column ordering

of a matrix. A simple example of applying this operator is as follows:

1 2 3 9 8 7
rev 4 5 6 =6 5 4
7 8 9 3 21

2For any vector b, we have (Z‘lY)_1 b = x' = x = A~ 'b. Therefore, A (Z‘lY)_1 b~ b,

and then (I —A (ZilY)ﬂ) b ~ 0. Since this is true for any vector b, it must be true for
eigenvectors of the matrix (I —A (ZilY)fl)7 and it follows that the eigenvalues of the matrix
(I —A (Z_IY)_I) are all close to zero. Thus we claim that Z~'Y ~ A.
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Lemma 1 Let A = LU be the LU factorization of a square matriz A, thenrev(A) =
rev(L)rev(U) is true and is the UL factorization of rev(A).

Lemma 1 is self-evident, and the proof is omitted. It states that the reverse-
ordering of the LU factors of A are the UL factors of reverse-ordered A.
Applying Lemma 1 on equation (3.14), we obtain

rev(Z rev(Y) ~ rev(A) (3.15)

Since A is an R-matrix and is symmetric, rev(A) must be also symmetric, and we

can take the transpose of both sides, and have
(rev(Y))" (rev(Z™1)" ~ rev(A) (3.16)

The above equation has the form of an LU factorization: matrix (rev(Y))" is lower

triangular and has unit diagonal entries; matrix (rev(Z~1))" is upper triangular.
Lemma 2 The (Doolittle) LU factorization of a square matriz is unique.

The proof of Lemma 2 is provided in Appendix A.

Let the exact LU factorization of rev(A) be rev(A) = Liey(a)Urev(a), and its exact
LDL factorization be rev(A) = Lyey(a) Drev(a) (Lrev(A))T. Since equation (3.16) is an
approximate LU factorization of rev(A), while the exact LU factorization is unique,

it must be true that:

(rev(Y))T R Lrev(A) (317)

(reV(Z_l))T UreV(A) = Drev(A) (Lrev(A))T (318)

Q

The above two equations indicate that from the matrix Y built by random walks,
we can obtain an approximation to factor L,e,(4), and that the matrix Z contains

redundant information. Section 3.2.3 shows how to estimate matrix Diey(a) utilizing
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only the diagonal entries of matrix Z, and hence the rest of Z is not needed at all.
According to equation (3.12), matrix Y is the award register in the journey record
and keeps track of end nodes of random walks, while matrix Z is the motel-expense
register and keeps track of all intermediate nodes of walks. Therefore matrix Z is
the dominant portion of the journey record, and by removing all of its off-diagonal
entries, the modified journey record is significantly smaller than that in the original
bookkeeping technique from Section 2.4.2. In fact, an upper bound on the number

of non-zero entries in matrix Y is proven in the next section.

3.2.2 The Incomplete Non-zero Pattern

The previous section proves that an approximate factorization of an R-matrix A can
be obtained by random walks. However, it does not constitute a proof of incomplete
factorization, because an incomplete factorization implies that the non-zero pattern
of the approximate factor must be a subset of the non-zero pattern of the exact
factor. Such a proof is the task of this section: to prove that an entry of (rev(Y))"
can be possibly non-zero only if the corresponding entry of Liey(4) is non-zero.
For i # j, the (i,7) entry of (rev(Y))" is as follows, after applying Definition 2
and equation (3.12).
(evV)T) = Vi iy = — AN (3.19)
i\j N+1—j
This value is non-zero if and only if j < i and Hy41-jn4+1-; > 0. In other words, at
least one random walk starts from node (N + 1 — j) and ends at node (N 41 —1).
To analyze the non-zero pattern of L,ey(a), certain concepts from the literature
of LU factorization are used here, and certain conclusions are cited without proof.

More details can be found in [2] [19] [24] [25] [34]. Figure 3.1 illustrates one step in
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Figure 3.1: One step in Gaussian elimination.

the exact Gaussian elimination® of a matrix: removing one node from the matrix
graph, and creating a clique among its neighbors. For example, when node v, is
removed, a clique is formed for {vq, v3, vy, vs5, v6}, Where the new edges correspond
to fills added to the remaining matrix. At the same time, five non-zero values are
written into the L matrix, at the five entries that are the intersections? of node v;’s

corresponding column and the five rows that correspond to nodes {vs, vs, v4, vs, U6}

Definition 3 Given a graph G = (V, E), a node set S C V', and nodes vi,vy € V
such that vy, vy ¢ S, node vy is said to be reachable from node vy through S if there

exists a path between vy and vy such that all intermediate nodes, if any, belong to

S.

Definition 4 Given a graph G = (V, E), a node set S C V', a node v; € V' such
that vy ¢ S, the reachable set of vy through S, denoted R (v1,S), is defined as:

R (v1,5) = {ve ¢ S|vy is reachable from vy through S}

3The procedure of LU factorization of a matrix is a sequence of Gaussian elimination steps.
From the perspective of the matrix graph, it is a sequence of graph operations that remove nodes
one by one.

4Tn this section, rows and columns of a matrix are often identified by their corresponding nodes
in the matrix graph, and matrix entries are often identified as intersections of rows and columns.
The reason is that such references are independent of the matrix ordering, and thereby avoid

confusion due to the two orderings involved in the discussion.
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Note that if v; and vy are adjacent, there is no intermediate node on the path
between them, then Definition 3 is satisfied, and v, is reachable from wv; through
any node set. Therefore, R (vy,5) always includes the direct neighbors of v; that
do not belong to S.

Given an R-matrix A, let G be its matrix graph, let L be the complete L factor
in its exact LDL factorization, and let v; and vs be two nodes in GG. Again, every
node in G has a corresponding row and a corresponding column in A and in L. The

following lemma can be derived from [25] [34].

Lemma 3 The entry in L at the intersection of column vy and row vy s non-zero
if and only if:
1. vy is eliminated prior to vy during Gaussian elimination

2. vy € R (v, {nodes eliminated prior to v, })

Now we apply this lemma on L,,(4). Because the factorization of rev(A) is
performed in the reverse ordering, i.e., N, N —1,--- .1, the (¢, ) entry of Lyey(a) is
the entry at the intersection of the column that corresponds to node (N + 1 — j)
and the row that corresponds to node (N + 1 — ). This entry is non-zero if and
only if both of the following conditions are met.

1. Node (N + 1 — j) is eliminated prior to node (N + 1 — 1)

22 (N+1—-i)e R(N+1-4,5))

where S; = {nodes eliminated prior to N +1 —j}

Again, because the Gaussian elimination is carried out in the reverse ordering

N,N —1,---,1, the first condition implies that

N+1—-7 > N+4+1—1
jo< i
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The node set S; in the second condition is simply {N +2—j, N +3—j,--- ,N}.

Recall that equation (3.19) is non-zero if there is at least one random walk
that starts from node (N + 1 — j) and ends at node (N + 1 — ). Also recall that
according to Section 2.4.1, when random walks are performed from node (N +1—j),
nodes {1,2,---, N — j} are home nodes that walks terminate, while nodes S; =
{N+2—-4j,N+3—j,---,N} are the motel nodes that a walk can pass through.
Therefore, a walk started from node (N +1—j) can possibly end at node (N +1—1),
only if node (N + 1 — i) is reachable from (N + 1 — j) through the motel node set,
i.e., node set 5j.

By now it is proven that both conditions for (Lrev( A))i,j to be non-zero are
necessary conditions for equation (3.19) to be non-zero. Therefore, the non-zero
pattern of (rev(Y))" is a subset of the non-zero pattern of Lyev(ay. Together, this

conclusion and equation (3.17) give rise to the following lemma.

Lemma 4 (rev(Y))" is the L factor of an incomplete LDL factorization of matriz

rev(A).

This lemma indicates that, from random walks, we can obtain an incomplete
LDL factorization of the left-hand-side matrix A in its reversed index ordering. The

remaining approximate diagonal matrix D is derived in the next section.

3.2.3 The Diagonal Component

To evaluate the approximate D matrix, we take the transpose of both sides of

equation (3.18), and obtain
l"eV(Z_l) ~ LreV(A)DreV(A) (320)

Lemma 5 For a non-singular square matriz A, rev(A~1) = (rev(A))™".
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The proof of this lemma is trivial and is omitted. Applying this lemma on

equation (3.20), we have

(rev(2)) ™

Q

Lrev(A)Drev(A)
I = reV<Z)Lrev(A)Drev(A) (3.21)

Recall that rev(Z) and Lyeya) are both lower triangular, that Lye,4) has unit
diagonal entries, and that Dy (4) is a diagonal matrix. Therefore, the (i,7) diagonal

entry in the above equation is simply

>

%
—

(reV(Z))m (LT@V(A))i,i ( reV(A))ii

(reV(Z))i,i -1 (DTGV(A))

(

Q
—

) ’ 1
rev(A) i,i (rev(Z)) )

0

-

Q

(3.22)

Applying Definition 2 and equation (3.12), we finally have the equation for com-
puting the approximate D factor, given as follows.

1

Drev ;. =
( (A)) ZN41—i,N41—i

1,1

Q

My i1 iANs1—iN+1—i

(3.23)

INF1—i N+1—i

It is worth pointing out the physical meaning of the quantity % It is

the average number of times that a walk from node N + 1 —1¢ passes node N +1—1
itself; in other words, it is the average number of times that the walker returns to
his/her starting point before the game is over. Equation (3.23) indicates that an
entry in the D factor is equal to the corresponding diagonal entry of the original

matrix A divided by the expected number of returns.
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3.3 The Hybrid Solver and its Comparison with
ILU

In this section, the proposed hybrid solver for R-matrices is presented in its entirety,

and we argue that it outperforms traditional ICCG methods.

Definition 5 The operator rev(-) is defined on vectors: given vector x of length N,

rev(x) is also a vector of length N, such that rev(x); = Xy11-4, Vi € {1,2,--- , N}.
It is easy to verify that the set of equations Ax = b is equivalent to
rev(A)rev(x) = rev(b)

By now, we have collected the necessary pieces of the proposed hybrid solver, and
it is summarized in the pseudocode in Algorithm 3.

From the perspective of an iterative solver, the hybrid solver essentially replaces
the preconditioner in existing ICCG methods with the incomplete LDL factorization
produced by random walks. We claim that this new preconditioner has better
quality than the incomplete Cholesky factor B produced by traditional incomplete
factorization approaches. In other words, if matrices ¥ and B have the same
number of non-zero entries, and given the same target accuracy requirement, we
expect the hybrid solver to converge with fewer iterations than a traditional ICCG
solver preconditioned by (BBT)fl.

The argument is based on the fact that, in traditional Gaussian-elimination-
based methods, the operations of eliminating different nodes are correlated and the
error introduced at an earlier node gets propagated to a later node, while in random
walks, the operation on a node is totally independent from other nodes. We now

state this in detail and more precisely.
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Algorithm 3 The final hybrid solver for R-matrices:

Precondition {
Run random walks, build matrix Y and find diagonal
entries of Z using equation (3.12);
Build Liey(4) using equation (3.17);
Build D,c,(4) using equation (3.23);
}
Given b, solve {
Convert Ax =Db to rev(A)rev(x) =rev(b);
Apply PCG on rev(A)rev(x) =rev(b) with the
preconditioner (LreV(A)Drev(A) (LreV(A))T) 71;

Convert rev(x) to x;

Let us use the ILUT approach as an example of traditional preconditioning
methods; similar argument can be made for other existing techniques, as long as
they are based on Gaussian elimination. Suppose in Figure 3.1, when eliminating
node vy, the new edge between nodes vy and v3 corresponds to an entry whose value
falls below a specified threshold, then ILUT drops that entry from the remaining
matrix, and that edge is removed from the remaining matrix graph. Later when the
algorithm reaches the stage of eliminating node vy, because of that missing edge, no
edge is created from vz to the neighbors of v9, and thus more edges are missing, and
this new set of missing edges then affect later computations accordingly. Therefore,
an early decision of dropping an entry is propagated throughout the ILUT process.
On the one hand, this leads to the sparsity of B, which is desirable; on the other

hand, there is no control over error accumulation, and later columns of B can
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deviate from the exact Cholesky factor C' by an amount that is greater than the
planned threshold of ILUT. Such error accumulation gets exacerbated for larger
and denser matrices.

The hybrid solver does not suffer from this problem. When we run random
walks from node k and collect the Hj; values to build the k™ row of matrix Y
according to equation (3.12), we only know that the nodes {1,2,--- ,k — 1} are
homes, and this is the only information needed. If, for some reason, the computed
k™ row of matrix Y is of lower quality, this error does not affect other rows in
any way; each row is responsible for its own accuracy, according to a criterion to
be discussed in Section 3.4.1. In fact, in a parallel computing environment, the
computation of each row of Y can be assigned to a different processor.

It is worth pointing out that the error accumulation discussed here is differ-
ent from the cost of bias discussed at the end of Section 2.4.1. That bias in the
stochastic solver, in the context of the hybrid solver, maps to the forward/backward
substitution, i.e., the procedure of applying the preconditioner inside PCG. Due to
the fact that forward/backward substitution is a sequential process, such bias or er-
ror propagation is inevitable in all iterative solvers as long as a factorization-based
multiplicative preconditioner is in use. Our claim here is that the hybrid solver is
free of error accumulation in building the preconditioner, and not in applying the
preconditioner®.

In summary, because of the absence of error accumulation in building the pre-

conditioner, we expect the hybrid solver to outperform traditional ICCG methods,

SAfter a row of matrix Y is calculated, it is possible to add a postprocessing step to drop
insignificant entries. The criterion can be any of the strategies used in traditional incomplete
factorization methods, and, as discussed in Chapter 1, may be based on pattern, threshold, size
limits, or a combination of them. With such postprocessing, the hybrid solver still maintains the

advantage of independence between row calculations. This is not included in our implementation.
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and we expect that the advantage becomes more prominent for larger and denser
matrices. These claims are validated by numerical tests in Chapter 7: the hybrid
solver is compared against both ICCG with ILU(0) and ICCG with ILUT, where the
comparison metric is the computational complexity, measured by the total number
of double-precision multiplications needed to solve Ax = b to the same accuracy

requirement.

3.4 Implementation Issues

This section looks at several implementation aspects of the hybrid solver, and some
are also applicable to the stochastic solver in Chapter 2. For the hybrid solver, the
goal is twofold:

e To minimize the runtime of building the preconditioner. In other words, the
computation given in the first part of Algorithm 3 should be performed with
the fewest ra