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ABSTRA CT

The increasing complexit y of VLSI systems and shrinking time to mark et requirmen ts

demand go o d optimization to ols capable of handling large circuits. Retiming is a p o w erful

transformation that preserv es functionalit y , and can b e used to optimize sequen tial circuits

for a wide range of ob jectiv e functions b y judiciously relo cating the memory elemen ts. Leis-

erson and Saxe, who in tro duced the concept, presen ted algorithms for p erio d optimization

(minp erio d retiming) and area optimization (minarea retiming). The ASTRA algorithm pro-

p osed an alternativ e view of retiming using the equiv alence b et w een retiming and clo c k sk ew

optimization.

The �rst part of this thesis de�nes the relationship b et w een the Leiserson-Saxe and the

ASTRA approac hes and utilizes it for e�cien t minarea retiming of large circuits. The new

algorithm, Minaret, uses the same linear program form ulation as the Leiserson-Saxe approac h.

The underlying philosoph y of the ASTRA approac h is incorp orated to reduce the n um b er of

v ariables and constrain ts in this linear program. This allo ws minarea retiming of circuits with

o v er 56,000 gates in under �fteen min utes.

The mo v emen t of 
ip-
ops in con trol logic c hanges the state enco ding of �nite state ma-

c hines, requiring the preserv ation of initial (reset) states. In the next part of this w ork the

problem of minimizing the n um b er of 
ip-
ops in con trol logic sub ject to a sp eci�ed clo c k

p erio d and with the guaran tee of an equiv alen t initial state, is form ulated as a mixed in teger

linear program. Bounds on the retiming v ariables are used to guaran tee an equiv alen t initial

state in the retimed circuit. These b ounds lead to a simple metho d for calculating an equiv alen t

initial state for the retimed circuit.

The transparen t nature of lev el sensitiv e latc hes enables lev el-clo c k ed circuits to op erate

faster and require less area. Ho w ev er, this transparency mak es the op eration of lev el-clo c k ed

circuits v ery complex, and optimization of lev el-clo c k ed circuits is a di�cult task. This thesis

also presen ts e�cien t algorithms for retiming large lev el-clo c k ed circuits. The relationship

b et w een retiming and clo c k sk ew optimization for lev el-clo c k ed circuits is de�ned and utilized to

dev elop e�cien t retiming algorithms for p erio d and area optimization. Using these algorithms

a circuit with 56,000 gates could b e retimed for minim um p erio d in under t w en t y seconds and

for minim um area in under 1.5 hours.
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1 INTR ODUCTION

With the adv ances in in tegrated circuit (IC) tec hnology , more than 10 million devices

can b e man ufactured on a single c hip to da y . Because of this increase in the complexit y ,

V ery Large Scale In tegration (VLSI) circuit designs require sophisticated Electronic Design

Automation (ED A) to ols capable of handling large circuits. Due to the increase in complexit y

and reduced time to mark et, designers cannot rely on their in tuition to design fast, lo w p o w er

sequen tial circuits with minim um area. Th us circuit optimization to ols are indisp ensable for

designers, and m uc h w ork needs to b e done to dev elop go o d computer-aided design (CAD)

to ols. Most of the traditional circuit optimization tec hniques op erate on com binational sub-

circuits extracted from sequen tial designs. Th us they ha v e limited capabilities for optimization

and true sequen tial optimization tec hniques are needed. This w ork dev elops CAD to ols for

optimizing large sequen tial circuits.

Retiming is a p o w erful transformation that has great p oten tial for sequen tial circuit op-

timization. It is the concept of mo ving storage devices across computation no des to impro v e

p erformance without c hanging the input-output b eha vior, and can op erate at gate lev el netlists

or higher abstractions (e.g. data 
o w graphs, comm unication graphs, pro cessor sc hedules).

A t the circuit lev el these storage devices are called registers whic h can b e either edge-

triggered 
ip-
ops (or FF's) or lev el sensitiv e latc hes (or latc hes), and the computation no des

are com binational gates. Retiming mo v es registers across gates without c hanging the n um b er

of registers in an y cycle or on an y path from the primary inputs to the primary outputs.

This preserv es the input-output latency of the circuit. Since retiming do es not directly a�ect

the com binational part of the circuit the circuit b eha vior remains unc hanged. Ho w ev er since

retiming can c hange the b oundaries of com binational logic, it has the p oten tial to a�ect the

results of com binational syn thesis as w ell.

1.1 T yp es of Retiming

Retiming can b e p erformed to impro v e the circuit b eha vior with resp ect to di�eren t ob jec-

tiv e functions. Some of these ob jectiv e functions are discussed b elo w.

Clo c k P erio d The simplest ob jectiv e function used in retiming is minimization of the clo c k

p erio d. Since the clo c k p erio d in an edge-triggered circuit is giv en b y the maxim um

com binational dela y , registers can b e relo cated to reduce the clo c k p erio d. F or the
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Figure 1.1 E�ect of retiming on clo c k p erio d

circuit sho wn in Figure 1.1 (a), with unit dela y gates, the clo c k p erio d is 3.0 time units.

If w e relo cate register L1 from the output of gate G3 to its input, w e get the circuit in

Figure 1.1 (b), with a clo c k p erio d of 2.0 units. Th us relo cating registers can reduce

the clo c k p erio d of a circuit, and retiming can b e used to minimize the clo c k p erio d.

Retiming to minimize the clo c k p erio d is termed minp erio d retiming. Notice that

the input-output b eha vior is not c hanged b y retiming since in b oth cases the output is

pro duced after 2 clo c k cycles. Retiming a circuit to ac hiev e a giv en target clo c k p erio d

is a sp ecial case of this problem.

Area Since retiming do es not a�ect the com binational part of the circuit, the area o v erhead

of the com binational part remains constan t. Retiming can, ho w ev er, a�ect the o v erall

area of the circuit since it can alter the n um b er of registers in the circuit.

G3

G2

G1

G4

F1

F2

(a)

G3

G2

G1

F3
G4

(b)

Figure 1.2 E�ect of retiming on n um b er of registers

Tw o circuits can ha v e the same input-output b eha vior and clo c k p erio d, but require

di�eren t n um b er of registers. T o illustrate this consider the circuits in Figure 1.2 whic h

are equiv alen t under the retiming transformation. The circuit in Figure 1.2 (a) requires

t w o registers while that in Figure 1.2 (b) requires only one register.

Retiming can therefore b e used to minimize the n um b er of registers in the circuit. This

can b e done without an y constrain t on the clo c k p erio d of the resulting circuit, or sub ject
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to a target clo c k p erio d. The former is called unconstrained minarea retiming while the

latter is called constrained minarea retiming or simply minarea retiming.

P o w er The p o w er dissipated in a circuit dep ends on the pro duct of switc hing activit y and

the load capacitance at the output of a gate, summed o v er all gates. Since registers can

�lter out glitc hes, relo cation of registers will a�ect the switc hing activit y at gate outputs.

In addition relo cating registers also c hanges the load capacitance seen b y gates. Th us

retiming can c hange the p o w er requiremen ts of a circuit, and can b e used for reducing

the p o w er dissipation in sequen tial circuits b y placing registers on in terconnections with

high switc hing activit y and high capacitiv e loads.

T estabilit y Since retiming relo cates registers, it c hanges the state enco ding in sequen tial

circuits, th us a�ecting the test generation time, and the n um b er of redundan t faults. The

rep ositioning of registers also a�ects the length of scan c hains, required for partial or full

scan designs. Retiming can, therefore, b e used to impro v e the testabilit y of sequen tial

circuits.

Qualit y of Logic Optimization Most logic optimization tec hniques op erate on com bina-

tional logic within register b oundaries. Hence c hanging these register b oundaries (b y

retiming the registers) a�ects the qualit y of results obtained b y logic optimization.

Most of these ob jectiv e functions ha v e b een used for retiming di�eren t kinds of circuits. A

brief surv ey of publications describing these researc h activities is presen ted in Section 1.2.

Algorithms for retiming a circuit m ust address the sp eci�c requiremen ts of a circuit, and

the clo c king discipline used. F our ma jor classes of circuits are describ ed b elo w.

Edge-triggered Circuits con taining only edge-triggered FF's are called edge-triggered cir-

cuits. In an edge-triggered circuit the clo c k p erio d is giv en simply b y the largest com bi-

national dela y . The �rst publications on retiming addressed this class of circuits.

Lev el-clo c k ed Circuits using lev el-sensitiv e latc hes are called lev el-clo c k ed circuits. Latc hes

are transparen t during the p erio d when the clo c k w a v eform is activ e. This transparen t

nature of latc hes giv e lev el-clo c k ed circuits the p oten tial to op erate at a faster clo c k p e-

rio d, and require less area than the corresp onding edge-triggered circuits. Unfortunately

this also complicates the analysis of lev el-clo c k ed circuits and hence �nding an optimal

retiming can b e computationaly exp ensiv e.

Con trol Logic Since con trol logic consists of Finite State Mac hines (FSM's), the registers

in the circuit are asso ciated with the FSM states. Retiming c hanges the lo cations of

these registers and hence the state enco ding of the FSM. Th us issues regarding safe

replaceabilit y b ecome imp ortan t. In circuits that ha v e a meaningful initial state, it is

imp ortan t to �nd a retimed circuit with an equiv alen t initial state. Not all otherwise
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v alid retimings of a circuit will ha v e equiv alen t initial states. Consider the circuit in

Figure 1.3 (a). If w e wish to mo v e FF A and B across gate G1 (to FF C in Figure 1.3

(b)), w e need to �nd a initial v alue of FF C whic h is equiv alen t to the initial v alues of

FF A and B. If FF A and B ha v e con
icting v alues, no suc h equiv alen t initial v alue at

FF C exists. Th us additional constrain ts ha v e to b e imp osed to ensure the presence of

an equiv alen t initial state when retiming con trol logic.

0
G1

FF A

FF B

1

(a)

FF C

?

(b)

G1

Figure 1.3 Equiv alen t initial states in rev erse retiming.

FPGA's Field Programmable Gate Arra ys (FPGA's) presen t some di�eren t requiremen ts. In

LUT-based FPGA's the amoun t of logic is dep enden t on the n um b er of inputs and not on

the complexit y of the logic. F urther since FPGA's ha v e limited resources with memory

elemen ts at �xed lo cations extra constrain ts are placed on the mo v emen t of memory

elemen ts during retiming.

1.2 Researc h on Retiming

Since retiming w as in tro duced b y Leiserson and Saxe [58 , 59 ] there has b een signi�can t

amoun t of researc h has b een done on retiming b oth in the academia [10 , 21, 28 , 53 , 92, 93 ,

103 , 104 , 111 , 112 , 121 , 40 ] and in the industry (e.g, IBM, Synopsys and Philips). In this

section w e presen t a brief literature surv ey of retiming related researc h. A go o d surv ey of

retiming researc h is also pro vided in [113 ]. A go o d in tro duction to retiming can also b e found

in Section 9.3.1 of [86 ].

Edge-triggered Circuits Leiserson and Saxe in tro duced algorithms for minp erio d and minarea

retiming of edge-triggered circuits[58]. The circuit is represen ted b y a graph and p oly-

nomial time algorithms are presen ted without an y exp erimen tal implemen tations. The

minp erio d retiming problem is solv ed b y p erforming a binary searc h for the b est clo c k

p erio d. The feasibilit y of a giv en clo c k p erio d is c hec k ed b y a Bellman-F ord lik e relax-

ation algorithm. The minarea problem is form ulated as a Linear Program (LP). This LP

is the dual of a mincost net w ork 
o w problem, and th us can b e solv ed e�cien tly . Details

of this approac h, whic h w e call the \LS approac h", are pro vided in [59 ] and describ ed

brie
y in Section 2.1.
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Sheno y and Rudell presen ted an e�cien t and clev er implemen tation of the LS algo-

rithms in [115 ]. Their main con tributions include reducing the memory requiremen ts

from O ( j G j

2

) to O ( j G j ), where j G j is the n um b er of gates in the circuit, and the use of

bac k p oin ters to sp eed up the feasibilit y c hec k during the binary searc h for minim um

clo c k p erio d. A tec hnique for reducing the n um b er of constrain ts in the minarea LP w as

presen ted in [1].

The ASTRA algorithm [21 , 22 , 109 ] exploited the retiming-sk ew equiv alence for fast

minp erio d retiming. ASTRA �rst �nds a minim um p erio d ac hiev able b y sk ew optimiza-

tion, and then translates these sk ews in to retiming. Circuits with 20,000 gates could b e

retimed in 2 min utes.

Impro v ed Timing Mo dels Both the LS approac h and the ASTRA approac h assume the

gate dela ys to b e �xed and all FF dela ys to b e equal. Since these are appro ximations,

m uc h e�ort has b een sp en t in impro ving the dela y mo dels. Dela y mo dels that incor-

p orate clo c k sk ews, register dela ys, etc. are presen ted in [83 , 124 , 126 , 127 ]. DelaY

[54 , 56 ] pro vides a mixed in teger linear program (MILP) form ulation for a mo del that

has dela ys asso ciated with in terconnects. Constrain ts are created from eac h in terconnect

to ev ery other in terconnect, unlik e the traditional LS retiming approac h that form ulates

constrain ts b et w een gates.

The w ork in [51 ] presen ts retiming under v ariable dela ys, while [118 ] presen ts retiming

under v ariable top ology . The w ork in [57 ] presen ts tec hniques for handling m ulti-cycle

paths and m ultiple p erio d clo c ks for minp erio d retiming.

Lev el-Clo c k ed Circuits A signal that 
o ws through a latc h during its transparen t phase can

initiate the computation of the next com binational stage b efore the b eginning of the next

clo c k cycle; this phenomenon is called cycle ste aling . Due to cycle stealing, lev el-sensitiv e

circuits ha v e a p oten tial to op erate faster, and require less area. Algorithms to retime

single phase lev el-clo c k ed circuits are presen ted in [114 ]. Algorithms based on the LS

mo del for retiming m ulti-phase lev el-clo c k ed circuits w ere presen ted in [8, 9, 44 , 68 , 70 ,

105 , 106 , 107 ]. TIM [96 ] is a comprehensiv e timing analysis and optimization CAD to ol

for lev el-clo c k ed circuits that is a v ailable in public domain. TIM w as used to empirically

compare edge-triggered and lev el-sensitiv e circuits in [95 ]. In [46 ] a p olynomial-time

algorithm is presen ted for pip elining t w o-phase, lev el-clo c k ed circuits under a b ounded

dela y mo del.

Retiming with Equiv alen t Initial States T raditional retiming algorithms do not pa y an y

regard to initial states or p o w er-on states of circuits and are not v ery useful for con trol

logic. Con trol logic usually ha v e s meaningful initial states and an y useful retiming m ust

also �nd a new initial state for the retimed circuit that is equiv alen t to the initial state

of the original circuit.
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A metho d for minp erio d retiming with equiv alen t initial states w as presen ted in [130 ] and

uses only forw ard retimings. In some cases this approac h ma y require mo di�cations in the

circuit b efore it can b e used. An e�cien t tec hnique for these mo di�cations is presen ted in

[122 ]. Rev ersed retiming [30 , 128 ] uses minim um n um b er of rev erse (bac kw ard) retiming

mo v es and do es not require an y mo di�cations in the circuit.

Lo w P o w er Retiming can alter the amoun t of switc hing that tak es place in a circuit, and can,

therefore, a�ect the p o w er consumption of a circuit. The c hange in the fanout capacitance

due to the motion of FF's further a�ects the p o w er consumption. A mec hanism for

reducing p o w er b y retiming [87 ], places FF's on in terconnects with high switc hing activit y .

In [55 ], algorithms to reduce p o w er b y retiming only one phase in a t w o-phase circuit are

presen ted. The adv an tage of retiming only one phase is that it preserv es the testabilit y

of the circuit. A similar approac h is tak en in [120 ] to reduce p o w er in DSP designs.

T esting Retiming can b e used b oth to impro v e testabilit y of a circuit, and as an aid to

automatic test generation. In the former case the retimed circuit is actually implemen ted,

while in the later case the retimed circuit is used just b y the test generator and the original

circuit is implemen ted. Some w ork has b een p erformed to c haracterize the e�ect of FF

relo cation on the redundancy of faults [18 , 23 , 135 , 136 ]. In [26 ], it w as sho wn that

retiming preserv es testabilit y with resp ect to a single stuc k-at-fault test set b y adding a

pre�x sequence of a pre-determined n um b er of arbitrary input v ectors. Retiming ma y

con v ert sequen tial redundancies in to a com binational redundancies whic h are easier to

iden tify , th us impro ving testabilit y . Retiming can also b e used for reducing test lengths

in scan based designs [41 , 42 , 49 ], for impro ving built-in self test (BIST) [50 , 60 , 62 ] and

for pseudo-exhaustiv e testing [61 ].

Pip elining and Arc hitectural retiming Since retiming preserv es the input-output b eha v-

ior of the circuit, the n um b er of registers on an y path from a primary input (PI) to a

primary output (PO) do es not c hange during retiming. A path here refers to a signal


o w through zero or more registers and not to a purely com binational path. Th us the

minim um p erio d p ossible under retiming is restricted b y a critic al cycle or IO-p ath . A

critical cycle is a maxim um a v erage dela y cycle, i.e., a cycle for whic h the total dela y di-

vided b y the n um b er of registers is maxim um. A critical IO-path is similarly a maxim um

a v erage dela y path from an y PI to an y PO.

Pip elining is a tec hnique that increases the latency , i.e., the n um b er of latc hes on a PI

to PO path, of a circuit in order to reduce the clo c k p erio d [101 ]. Since pip elining can

c hange the latency , the minim um clo c k p erio d ac hiev able b y pip elining is restricted only

b y critical cycles and not b y the critical IO-paths. Pip elining can b e ac hiev ed b y adding

one or more registers to all PI's (or PO's) and then retiming the circuit. Th us pip elining
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has a p oten tial of ac hieving lo w er p erio ds than retiming, b y c hanging the latency of the

circuit [46 , 82 , 101 , 116 , 125 ].

Arc hitectural retiming [36 , 37, 39 , 40 ] mo di�es the com binational part of a circuit to

increase the n um b er of registers on a critical cycle or path without increasing the p er-

ceiv ed latency . Th us arc hitectural retiming unlik e retiming and pip elining is not limited

b y a critical cycle in p erio d reduction, ho w ev er, it c hanges the circuit structure, and is

di�cult to automate.

V eri�cation Issues Researc h has also b een p erformed on v alidating the replacemen t of a

con troller circuit b y a retimed v ersion [47 , 102 , 123 ]. The w ork in [123 ] sho ws that while

an accurate logic sim ulation ma y distinguish a retimed circuit from the original circuit, a

conserv ativ e three-v alued sim ulator cannot do so. T ec hniques for v eri�cation of retimed

circuits are presen ted in [35 , 85, 104 ]. The w ork in [43 ] uses an A TPG based approac h

for v erifying retimed circuits.

Other Applications Retiming has b een used during the tec hnology mapping step in FPGA

syn thesis [15 , 16 , 91 , 129 , 133 ], to impro v e circuit partitioning [66 ], for sc heduling in

high lev el syn thesis [12 , 132 ] and in m ultipro cessor sc heduling [11 ]. Other approac hes for

retiming for system lev el throughput optimization include [89 , 134 ]. Retiming has b een

com bined with other logic syn thesis tec hniques in [4 , 63 , 65 , 80 , 81 , 90 , 99 ]. Retiming

has also b een used extensiv ely in DSP applications [27 , 34 , 97 , 98, 100 ]. The w ork

in [84 ] presen ts tec hniques to handle enable registers. Other w ork on retiming include

[13 , 19 , 20 , 25 , 29 , 32 , 33 , 48 , 64 , 69 , 88 , 94 , 117 , 119 , 137 ].

1.3 Organization of this Thesis

This thesis fo cuses on the issue of e�cien t retiming of large circuits. E�cien t retiming

algorithms capable of handling large edge-triggered and lev el-clo c k ed circuits are presen ted for

dela y and area optimization. P arts of this researc h ha v e b een published in [72 , 73 , 74 , 75 , 76 ,

77 , 78 , 79 ]. The remainder of the thesis is organized as follo ws

Bac kground In this c hapter w e brie
y describ e the minp erio d and minarea retiming metho ds

giv en b y Leiserson and Saxe in [59 ], and the ASTRA approac h to minp erio d retiming in

[109 ]. The minim um clo c k p erio dis obtained b y p erfoming a binary searc h on the clo c k

p erio d. The minarea retiming problem is form ulated as a Linear Program (LP).

Minarea Retiming Since minp erio d retiming ma y signi�can tly increase the n um b er of FF's

in the circuit, minarea retiming is a imp ortan t problem. Ho w ev er, traditional algorithms

ha v e had a high computational exp ense, whic h has limited its use. In Chapter 3 w e

presen t an e�cien t algorithm for dela y constrained minim um area retiming of large cir-

cuits with edge-triggered FF's. This algorithm is called Minaret and it p erforms minarea
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retiming through an amalgamation of the Leiserson-Saxe approac h and the ASTRA ap-

proac h. The minarea retiming problem is form ulated as an LP and the ASTRA approac h

is used to �nd tigh t b ounds on the retiming v ariables. These b ounds then help us re-

duce b oth the n um b er of v ariables and the n um b er of constrain ts in the problem without

an y loss in accuracy . By sp ending a small amoun t of additional CPU time on the AS-

TRA runs, this metho d leads to signi�can t reductions in the total execution time of the

minarea retiming problem. The reduction in the problem size also reduces the memory

requiremen ts, th us enabling retiming of large circuits.

Retiming Con trol Logic In con trol logic the initial state of a circuit is an in tegral part of

the b eha vior. Hence an y retimed circuit m ust ha v e an equiv alen t initial state in order to

ha v e the same b eha vior as the original circuit. In Chapter 4 w e presen t an algorithm for

minarea retiming with a guaran tee of equiv alen t initial states, w e call this problem the

minarea initial state retiming problem.

There are t w o basic problems in minarea initial state retiming: �rstly to ensure equiv-

alen t initial state, and secondly to correctly mo del the conditional sharing of FF's at

the outputs of a gate. W e guaran tee an equiv alen t initial state b y allo wing only those

bac kw ard mo v es that ha v e an equiv alen t initial v alue. This is ac hiev ed b y enforcing a

b ound on the retiming v ariables.

Unfortunately the unconditional sharing mo del of [59 ] is not v alid for minarea initial

state retiming, where FF's ha v e initial states asso ciated with them, and hence these

initial states need to b e tak en in to accoun t in mo deling FF sharing. W e presen t a new

0/1 MILP form ulation for mo deling this conditional latc h sharing of FF's at the output

of a gate.

Retiming Lev el Clo c k ed Circuits Lev el-clo c k ed circuits ha v e the p oten tial to op erate faster

and require less area. Ho w ev er due to the transparen t nature of latc hes the timing analysis

and hence optimization of lev el-clo c k ed circuits is a hard problem. Although p olynomial

time algorithms for retiming lev el-clo c k ed circuits are kno wn, they can not handle large

circuits. In Chapter 5 w e �rst presen t the equiv alence b et w een retiming and sk ew op-

timization for lev el-clo c k ed circuits, then w e utilize this relation for e�cien t minp erio d

and minarea retiming of large lev el-clo c k ed circuits.

W e use a t w o phase solution for the minp erio d retiming problem for general m ulti-phase

clo c k sc hedules. In Phase A w e solv e a clo c k sk ew optimization problem e�cien tly , to

obtain the relo cation needed for eac h latc h, in order to ac hiev e the optimal clo c k p erio d

under a giv en sc hedule. In Phase B the latc hes are relo cated across gates to ac hiev e

this target clo c k p erio d. Since latc hes can absorb some sk ew (equal to the activ e p erio d

of the clo c k), w e can stop relo cating latc hes as so on as the sk ew is small enough to b e

completely absorb ed.
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In minarea retiming of lev el-clo c k ed circuits, the n um b er of constrain ts is v ery high since

w e ma y ha v e constrain ts through m ultiple latc hes. W e use the retiming-sk ew relation

to obtain b ounds on the retiming v ariables. These b ounds are then used to reduce the

n um b er of v ariables, and the n um b er of constrain ts. W e also use additional pruning

tec hniques to further reduce the n um b er of constrain ts, and for their e�cien t generation.

Conclusion In this c hapter w e conclude this thesis and presen t a n um b er of op en problems

whic h need to b e solv ed b efore retiming can b ecome widely accepted. W e also presen t

some ideas and though ts on these problems. The problems disscuesed include lim tation

on design st yles, v eri�cation issues, com bining retiming with logic syn thesis and impro v ed

dela y mo dels for retiming.



10

2 BA CK GR OUND

W e no w brie
y describ e the LS approac h, details of whic h can b e found in [58 , 59 ]. W e

will then describ e relationship b et w een clo c k sk ew and retiming, and the ASTRA approac h

[21 , 22 , 109 ].

2.1 The Leiserson-Saxe Approac h

2.1.1 Notation

A sequen tial circuit can b e represen ted b y a directed graph G ( V ; E ; d; w ), where eac h v ertex

v corresp onds to a gate, and a directed edge e

uv

represen ts a connection from the output of

gate u to the input of gate v , through zero or more registers. Eac h edge has a w eigh t w ( e

uv

),

whic h is the n um b er of registers b et w een the output of gate u and the input of gate v . Eac h

v ertex has a �xed dela y d ( v ), that do es not c hange during the retiming pro cess. A sp ecial

v ertex, the host v ertex, is in tro duced in the graph, with edges from the host v ertex to all

primary inputs of the circuit, and edges from all primary outputs to the host v ertex.

A retiming is a lab eling of the v ertices r : V ! Z , where Z is the set of in tegers. The

w eigh t of an edge e

uv

after retiming, denoted b y w

r

( e

uv

) is giv en b y

w

r

( e

uv

) = r ( v ) + w ( e

uv

) � r ( u ) (2.1)

The retiming lab el r ( v ) for a v ertex v represen ts the n um b er of registers that ha v e b een

mo v ed from its outputs to its inputs. Retiming can also b e view ed as an assignmen t of a lag

r ( v ) to ev ery v ertex v in the circuit. One ma y de�ne the w eigh t of an y path p originating at

v ertex u and terminating at v ertex v (represen ted as u  v ), w ( p ), as the sum of the w eigh ts

on the edges on p , and its dela y d ( p ) as the sum of the w eigh ts of the v ertices on p . A path

with w ( p ) = 0 corresp onds to a purely com binational path with no registers on it; therefore,

the clo c k p erio d can b e calculated as

c = max

8 p j w ( p )=0

f d ( p ) g (2.2)

Another imp ortan t concept used in the Leiserson-Saxe approac h is that of the W and D
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matrices that are de�ned as follo ws:

W ( u; v ) = min

8 p : u  v

f w ( p ) g (2.3)

D ( u; v ) = max

8 p : u  v and w ( p )= W ( u;v )

f d ( p ) g (2.4)

The matrices are de�ned for all pairs of v ertices ( u; v ) suc h that there exists a path p : u  v

that do es not include the host v ertex. W ( u; v ) denotes the minim um latency , in clo c k cycles,

for the data 
o wing from u to v and D ( u; v ) giv es the maxim um dela y from u to v for the

minim um latency .

2.1.2 The Minp erio d Retiming Algorithm

The minim um p erio d obtainable under retiming is found b y p erforming a binary searc h

o v er all p ossible clo c k p erio ds. A t eac h step in the binary searc h, an attempt is made to retime

the circuit for the curren t v alue of the clo c k p erio d. The smallest p erio d for whic h retiming

succeeds is returned as the b est clo c k p erio d.

The follo wing O ( j V jj E j )-time algorithm is used for obtaining a retiming for a giv en clo c k

p erio d.

Algorithm FEAS

Given a synchronous circuit G = h V ; E ; d; w i , and a desired clock period c , return

a retiming r of G such that the clock period of the retimed circuit �( G

r

) � c .

f

1. For each vertex v 2 V , set r ( v )  0 .

2. Repeat the following j V j � 1 times

2.1 Compute graph G

r

with existing values of r.

2.2 Run Algorithm CP on the graph G

r

to determine �( v ) for each vertex v 2 V .

2.3 For each v such that �( v ) > c , set r ( v )  r ( v ) + 1 .

3. Run Algorithm CP on the circuit G

r

. If �( G

r

) > c , then no

feasible retiming exists. Otherwise, r is the desired retiming.

g

Algorithm CP

This algorithm computes the clock period �( G ) for a synchronous circuit

G = h V ; E ; d; w i .

f

1. Let G

0

be the subgraph of G with contains precisely those edges e

with register count w ( e ) = 0 .

2. Perform a topological sort on G

0

, totally ordering its vertices

so that if there is an edge from vertex u to vertex v in G

0

,
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then u precedes v in the total order.

3. Go through the vertices in the order defined by the topological sort.

On visiting each vertex v , compute the quantity �( v ) as follows:

a. If there is no incoming edge to v , set �( v )  d ( v ) .

b. Otherwise, set �( v )  d ( v ) + max f �( u ) : u

!

e

v and w ( e ) = 0 .

4. The clock period �( G ) is max

v 2 V

�( v ) .

g

2.1.3 The Minarea Retiming Algorithm

The minarea retiming problem for a target p erio d P can b e form ulated as the follo wing

LP:

minimize

P

v 2 V

[( j F I ( v ) j � j F O ( v ) j ) � r ( v )] (2.5)

sub ject to r ( u ) � r ( v ) � w ( e

uv

) 8 e

uv

2 E

r ( u ) � r ( v ) � W ( u; v ) � 1 8 D ( u; v ) > P

�1 � r ( u ) � 1 8 u 2 ( V [ M )

where F I ( v ) and F O ( v ) represen t the fanin and fanout sets of the gate v .

The signi�cance of the ob jectiv e function and the constrain ts is as follo ws (the reader is

referred to [59 ] for details).

� The ob jectiv e function represen ts the n um b er of registers added to the retimed circuit in

relation to the original circuit.

� The �rst constrain t ensures that the w eigh t e

uv

of eac h edge (i.e., the n um b er of registers

b et w een the output of gate u and the input of gate v ) after retiming is nonnegativ e. W e

will refer to these constrain ts as cir cuit c onstr aints .

� The second constrain t ensures that after retiming, eac h path whose dela y is larger than

the clo c k p erio d has at least one register on it. These constrain ts, b eing dep enden t on

the clo c k p erio d, are often referred to as p erio d c onstr aints .

It is p oin ted out in [59 ] that the dual of this problem is an instance of a minim um cost net w ork


o w problem. Hence the LP can b e solv ed e�cien tly b y solving this dual.

2.1.4 A More Accurate Area Mo del

The cost function in the LP's of Equation (2.5) assumes that eac h FF has exactly one

fanout. Ho w ev er, in practice a FF can ha v e m ultiple fanouts, allo wing the FF's on di�eren t

fanout edges of a gate to b e shared. This sharing m ust b e tak en in to accoun t for an accurate

area mo del. F or example, consider gate A in Figure 2.1 with three fanouts B, C, and D ha ving



13

B

C

D

A

(a) (b)

B

C

D

A

Figure 2.1 Unconditional register sharing at m ultiple fanouts.

three, t w o and t w o FF's resp ectiv ely . The LP in Equation (2.5) will mo del the total n um b er of

FF's as sev en as sho wn in Figure 2.1(a). Ho w ev er the FF's can b e merged or shared as sho wn

in Figure 2.1(b) resulting in a total cost of only three FF's.

T o mo del the maximal FF sharing

1

the w ork in [59 ] in tro duces a mirror v ertex m

i

for eac h

gate i that has more than one fanout, as sho wn in Figure 2.2. F urther details of this maximal

latc h sharing mo del can b e found in [111 ]. Ev ery edge e

ij

, in addition to ha ving a w eigh t

w ( e

ij

), no w also has a width � ( e

ij

). In Figure 2.2, the edge w eigh ts are sho wn ab o v e the edges

while the edge widths are sho wn b elo w the edges. Consider a gate u with k fanouts to gates

v

j

; j = 1 � � � k . T o mo del the maxim um sharing of FF's, an extra edge is added from eac h

fanout gate v

j

to the mirror v ertex, m

u

, with w eigh t w ( e

v

j

m

u

) = w ( max

u

) � w ( e

uv

j

), where

w ( max

u

) = max

8 i 2 F O ( u )

( w ( e

ui

)) is the maxim um w eigh t on an y fanout edge of gate u . Eac h

of the edges from the gate i to its fanouts j , and from the fanouts to the mirror v ertex has a

width of 1 =k , i.e.,

� ( e

uv

j

) = 1 =k and � ( e

v

j

m

u

) = 1 =k for j = 1 � � � k :

The original LP in Equation (2.5) is mo di�ed to include the e�ect of register sharing as

follo ws:

min

X

v 2 ( V [ M )

2

4

0

@

X

8 j 2 F I ( v )

� ( e

j v

) �

X

8 j 2 F O ( v )

� ( e

v j

)

1

A

� r ( v )

3

5

sub ject to r ( u ) � r ( v ) � w ( e

uv

) 8 e

uv

2 E (2.6)

r ( u ) � r ( v ) � W ( u; v ) � 1 8 D ( u; v ) > P

r ( j ) � r ( m

i

) � w ( max

i

) � w ( e

j m

i

) 8 ( m

i

) 2 M and 8 j 2 F O ( i )

�1 � r ( u ) � 1 8 u 2 ( V [ M )

where M = f m

v

j v 2 V and j F O ( v ) j > 1 g is the set of all the mirror v ertices, and additional

constrain ts due to the mirror v ertices are called the mirror constrain ts. F or simplicit y w e can

rewrite the ab o v e LP as follo ws

min

X

v 2 ( V [ M )

2

4

0

@

X

8 j 2 F I ( v )

� ( e

j v

) �

X

8 j 2 F O ( v )

� ( e

v j

)

1

A

� r ( v )

3

5

1

This mo del is v alid only for unconditional sharing of FF's. In Section 4.3 w e will presen t a mo del for

conditional sharing of FF's.
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euv1w( )
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u
m

 vk

v

 v2

1

u

1/k

1/k

1/k

1/k

1/k

1/k

euvw( )2
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  v

1
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Figure 2.2 Mo del for maxim um register sharing at m ultiple fanouts.

sub ject to r ( u ) � r ( v ) � c

uv

8 ( u; v ) 2 C (2.7)

�1 � r ( u ) � 1 8 u 2 ( V [ M )

where C = C

p

[ C

c

[ C

m

is the constrain t set of the LP in Equation (2.6), and includes the

p erio d constrain t set ( C

p

), the circuit constrain t set ( C

c

) and the mirror constrain t set ( C

m

).

A constrain t ( i; j ) in the constrain t set C is of the form

r ( i ) � r ( j ) � c

ij

8 ( i; j ) 2 C

where c

ij

= w ( e

ij

) 8 ( i; j ) 2 C

c

, i.e., e

ij

2 E

c

ij

= W ( i; j ) � 1 8 ( i; j ) 2 C

p

, i.e., D ( i; j ) > P

c

ij

= w ( max

i

) � w ( e

j m

i

) 8 ( i; j ) 2 C

m

, i.e., m

i

2 M and 8 j 2 F O ( i )

(2.8)

The ob jectiv e function of the LP in Equation (2.7) no w denotes the increase in the n um b er

of FF's assuming maximal sharing of FF's at the output of all gates. The w eigh ts on all paths

from gate u to its mirror v ertex m

u

are the same b efore retiming, i.e., w ( e

uv

i

) + w ( e

v

i

m

u

) =

w ( max

i

) 1 � i � k , and therefore the w eigh ts on all paths from gate u to its mirror v ertex m

u

m ust b e equal after retiming. Since the mirror v ertex m

u

is a sink in the graph, the register

coun t on one of the edge from the fanout no des to m

u

will b e zero, i.e., 9 i j w ( e

v

i

;m

u

) = 0. Th us

the w eigh t on all paths from gate u to mirror v ertex m

u

after retiming will b e w

r

( max

u

) =

max

8 j 2 F O ( u )

( w

r

( e

uj

)). Since there are k paths, eac h with width 1 =k , the total cost of all paths

will b e w

r

( max

u

) as desired. Lik e the LP in Equation (2.5) the LP in Equation (2.7) is also

the dual of a minim um cost net w ork 
o w problem.
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W e no w presen t an alternate view of this mo del. The c hange in cost function due to adding

or remo ving FF's from the fanout junction of gate u is mo deled b y t w o retiming v ariables: one

for the gate, r ( u ) and other for the mirror v ertex, r ( m

u

). An y c hange in the cost function due

to FF's mo ving across the m ulti-fanout gate itself are mo deled b y r ( u ), while an y c hange due

to FF motion across its fanout gates v

i

; 1 � i � k is mo deled b y the mirror v ariable r ( m

u

).

The c hange in the n um b er of FF's in the circuit, under maximal sharing obtained b y

retiming a gate u b y one unit can b e calculated as follo ws. The decrease in the cost function

obtained b y remo ving a FF from eac h of the fanouts of a gate is one unit, ev en for m ultiple

fanout gates since the FF's on all the fanouts w ere shared. The increase in the cost function

from adding a FF to all the inputs of a gate u is equal to the n um b er of fanins of u that ha v e

only one fanout, since an y FF added to a fanin j of gate u that has more than one fanout

( j F O ( j ) j > 1) is already mo deled b y the mirror v ariable of that fanin gate m

j

. Th us the

cost con tribution of an y single fanout gate u is giv en b y ( j F I

0

( u ) j � 1) � r ( u ), while that of a

m ulti-fanout gate is giv en b y ( j F I

0

( u ) j � 1) � r ( u ) + r ( m

u

), where F I

0

( u ) is the set of fanins

that ha v e only a single output, i.e., F I

0

( u ) = f v j v 2 F I ( u ) AN D j F O ( v ) j = 1 g .

2.2 The ASTRA Approac h

2.2.1 The Relationship Bet w een Clo c k Sk ew and Retiming

In a sequen tial VLSI circuit, due to di�erences in in terconnect dela ys on the clo c k distri-

bution net w ork, clo c k signals do not arriv e at all of the FF's at the same time. Th us, there

is skew b et w een the clo c k arriv al times at di�eren t FF's. In a single-phase clo c k ed circuit, in

the case where there is no clo c k sk ew, the designer m ust ensure that eac h input-output path

of a com binational circuit blo c k has a dela y that is less than the clo c k p erio d. In the presence

of sk ew, ho w ev er, the relation gro ws more complex, as one m ust comp ensate for this e�ect in

ensuring that the com binational blo c ks meet the timing requiremen ts.

The basis of the ASTRA approac h is the equiv alence b et w een clo c k sk ew and retiming, as

illustrated b y the follo wing example. Let us �rst consider the use of in ten tional clo c k sk ews

for impro ving the circuit p erformance. In Figure 2.3, assume the dela ys of the in v erters to b e

1.0 unit eac h. The dela ys of the �rst and second com binational blo c ks are 3.0 and 1.0 units,

resp ectiv ely , and therefore, the fastest allo w able clo c k has a p erio d of 3.0 units. Ho w ev er, if a

sk ew of +1.0 unit is applied to the clo c k line to FF L1, as sho wn in Figure 2.4, the circuit can

run with a clo c k p erio d of 2.0 units. This approac h w as formalized in the w ork b y Fish burn

[31 ], where the clo c k sk ew optimization problem w as form ulated as a linear program (LP) that

ma y b e solv ed to �nd the optimal clo c k p erio d.

Ho w ev er, it is easy to see that for the giv en circuit, the p erio d can also b e minimized to 2.0

units b y r etiming , i.e., b y relo cating the FF L1 to the left across the in v erter G3. This results

in b oth the com binational blo c ks ha ving dela ys of 2.0 units eac h as seen in Figure 2.5.
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G1 G2

IN

G4

OUT
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L1
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L1

CLOCK
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Figure 2.3 An example circuit.

G1 G2

IN

G4

OUT

G3

L1
IN

OUT

L1

DelayClk

CLOCK

0 3 41 2

Figure 2.4 Using clo c k sk ew to reduce clo c k p erio d.

This leads us to conclude that in eac h case, one unit of time is b orro w ed b y the �rst

com binational blo c k from the second; the manner in whic h cycle-b orro wing o ccurs ma y either

b e b y the v ehicle of clo c k sk ew or via retiming.

2.2.2 Minp erio d Retiming Algorithm

The details of the ASTRA algorithm for minp erio d retiming are pro vided in [21 , 109 ];

a brief description is presen ted here for completeness. The relationship b et w een sk ew and

retiming motiv ates the follo wing t w o-phase solution to the retiming problem:

Phase A: The clo c k sk ew optimization problem is solv ed to �nd the optimal v alue of the

sk ew at eac h FF, with the ob jectiv e of minimizing the clo c k p erio d, or to satisfy a giv en

IN

OUT

L1

CLOCK

0 3 41 2

G3 G4G1 G2

IN L1 OUT

Figure 2.5 Retiming for clo c k p erio d optimization.
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(feasible) clo c k p erio d. This in v olv es the (p ossibly rep eated) application of the Bellman-

F ord algorithm [17 ] on a constrain t graph [109 ].

Phase B: The sk ew solution is translated to retiming and some FF's are relo cated across

gates in an attempt to set the v alues of all sk ews to b e as close to zero as p ossible. W e

attempt to mo v e eac h p ositiv e sk ew FF opp osite to the direction of signal propagation,

and eac h negativ e sk ew FF in the direction of signal propagation to reduce the magnitude

of its sk ew. A formal rationalization is pro vided in [109 ], but the example in Figure 2.5

should su�ce to explain the in tuition.

After Phase B, an y sk ews that could not b e set exactly to zero are forced to zero. This

could cause the clo c k p erio d to increase from Phase A; ho w ev er, it is sho wn that this increase

will b e no greater than the maxim um gate dela y . Note, ho w ev er, that this is not necessarily

sub optimal since the minim um clo c k p erio d using sk ews ma y not b e ac hiev able using retiming,

since retiming allo ws cycle-b orro wing only in discrete amoun ts (corresp onding to gate dela ys),

while sk ew is a con tin uous cycle-b orro wing optimization [31 ].
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3 RETIMING F OR MINIMUM AREA

3.1 In tro duction

F or digital design the in teresting problem is of dela y constrained area optimization, and

constrained minim um area retiming is one w a y to solv e this problem. Ho w ev er, the high

computational exp ense of this optimization has limited its use. In this c hapter, w e approac h

the problem of constrained minarea retiming for circuits with edge-triggered FF's through an

amalgamation of the Leiserson-Saxe approac h and the ASTRA approac h. By utilizing the

merits of b oth approac hes w e dev elop an e�cien t algorithm for constrained minarea retiming

whic h is also capable of handling v ery large circuits. The basic idea of the approac h is to use

the ASTRA approac h to �nd tigh t b ounds on the retiming v ariables. These b ounds help us

reduce b oth the n um b er of v ariables and the n um b er of constrain ts in the problem without

an y loss in accuracy . By sp ending a small amoun t of additional CPU time on the ASTRA

runs, this metho d leads to signi�can t reductions in the total execution time of the minarea

retiming problem. The reduction in the problem size also reduces the memory requiremen ts,

th us enabling retiming of large circuits.

The c hapter is organized as follo ws. In Section 3.2, w e sho w the relationship b et w een these

t w o, and utilize it to e�cien tly solv e the minarea retiming problem. Section 3.3 describ es our

minarea retiming algorithm. Exp erimen tal results are presen ted in Section 3.4 follo w ed b y

concluding remarks in Section 3.5.

3.2 Reducing the Problem Size

In practical circuits, it is found that the n um b er of p erio d constrain ts is phenomenally large.

F or a circuit with n gates the n um b er of p erio d constrain ts is O ( n

2

). Ho w ev er, it is also true

that a large fraction of these constrain ts are redundan t as they are implied b y some of the other

constrain ts. An y algorithm with pretensions to practicalit y m ust use tec hniques for pruning

these redundan t constrain ts. Note that the exactness of the solution is not sacri�ced in doing

so, since none of the essen tial constrain ts are remo v ed. Our approac h is to �nd tigh t b ounds

on the v ariable v alues, and to use these b ounds to a v oid generating the redundan t constrain ts.

By appropriate application of these b ounds, w e exp ect not only to prune the constrain t set but

also to reduce the n um b er of v ariables. In this w a y , w e simplify the problem and enable the
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LP to b e solv ed more e�cien tly . W e are also able to generate this set of reduced constrain ts

e�cien tly .

3.2.1 The Concept of Restricted Mobilit y

A mo di�cation of the pro cedure used in ASTRA can b e used to iden tify ho w far FF's ma y

p ossibly b e mo v ed. F or the circuit in Figure 3.1, to ac hiev e the minim um clo c k p erio d of 4.0

units, one m ust mo v e one cop y of FF B to the output of gate G4. The p ossible lo cations

for FF's along the other path to FF C are at the input to gate G8, or at the output of gate

G8, or the inputs of gates (G9,G10) or the outputs of gates (G9,G10); no other lo cations are

p ermissible

(a)

INPUT FF B

FF CFF A

OUTPUT

G1

G3

G9

G2

G4 G5 G6 G7

G12

G11
G10

G8

(b)

FF B

FF A FF C

INPUT OUTPUT

G8

G10
G11

G7

G12

G5 G6G4G3

G2G1

G9

Figure 3.1 P ossible FF lo cations after retiming.

Therefore, it can b e seen that the FF's cannot b e sen t to just any lo cation in the circuit;

rather, there is a restricted range of lo cations in to whic h eac h FF ma y b e mo v ed, and the

mobilit y of eac h FF is restricted. This restricted mobilit y ma y b e used to reduce the searc h

space, and hence the n um b er of constrain ts.

This range of motion of FF's can b e deriv ed from the sk ews calculated b y the Bellman-

F ord pro cedure (whic h calculates the minim um allo w able sk ew v alue at eac h FF) [109 ], and the

corresp onding slac ks in the constrain t graph. The idea in this c hapter is that the sk ew v alues

can b e used to reduce the searc h space for the minarea retiming algorithm using restricted

mobilit y . This is seen to translate to a smaller LP .

W e will no w sho w the relation b et w een the Leiserson-Saxe approac h and the ASTRA ap-

proac h, and ho w a mo di�ed v ersion of ASTRA can b e used to deriv e b ounds on the r v ariables

in the Leiserson-Saxe metho d. Next, w e sho w ho w these b ounds can b e used to prune the

n um b er of constrain ts in minarea Leiserson-Saxe retiming. Finally , w e presen t an example to
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illustrate the metho d.

3.2.2 Deriving Bounds for the r V ariables

The concept of restricted mobilit y is related to the \nearest" and \farthest" lo cation that

an y FF can o ccup y under the target clo c k p erio d. This is relativ ely easy to map on to the

clo c k sk ew optimization problem. T o understand this, w e pro vide a brief review of the clo c k

sk ew optimization problem. Giv en a pair of FF's, i and j , if the maxim um dela y of an y purely

com binational path connecting them is D

ij

, then the follo wing long-path constrain t m ust hold:

x

i

+ D

ij

� x

j

+ P (3.1)

where x

i

and x

j

are the clo c k sk ews at FF's i and j , resp ectiv ely , and P is the target clo c k

p erio d. F or a sp eci�ed clo c k p erio d, this ma y b e written as a di�erence constrain t [17 ] as

follo ws:

x

j

� x

i

� P � D

ij

(3.2)

Note that the righ t hand side of the ab o v e equation is a constan t, since the clo c k p erio d is

a sp eci�ed v alue. F or a giv en circuit, one ma y build a set of di�erence constrain ts with one

suc h constrain t for ev ery pair of FF's that ha v e a purely com binational path connecting them,

and these di�erence constrain ts ma y b e represen ted b y a constrain t graph. The Bellman-F ord

algorithm ma y b e applied to this graph to �nd the longest path in the graph. The �nal v alue

asso ciated with eac h v ertex pro vides the required sk ew at that v ertex and giv es one p ossible

set of sk ews that can ac hiev e the clo c k p erio d P . Note that this is not the only allo w able

set of sk ews, since slac ks [109 ] in the arcs of the constrain t graph can lead to other allo w able

solutions. Therefore, the �rst order of business is to determine b ounds on the allo w able sk ews

at eac h FF.

ASTRA initializes all sk ews to 0 to ac hiev e the minim um range of sk ews. T o obtain the

b ounding sk ews w e need to initialize all sk ews to �1 . No w when the the Bellman-F ord

algorithm [17 ] is applied to the constrain t graph for a sp eci�ed clo c k p erio d, the as-late-as-

p ossible

1

(ALAP) sk ews are calculated for the net w ork. The as-so on-as-p ossible (ASAP) sk ews

can b e obtained b y running the Bellman-F ord algorithm on the transp ose of this constrain t

graph [17 ] (i.e., a graph with the same v ertex set as the original graph, but with the edge

directions rev ersed).

These ASAP/ALAP sk ews can b e translated to ASAP/ALAP lo cations for FF's. These lo-

cations can b e used to obtain b ounds on the retiming v ariables of the Leiserson-Saxe approac h,

r , asso ciated with the gates in the circuit as illustrated b y the follo wing example. Here w e

use the terms \ASAP lo cations" to refer to the case when all FF's are as close to the primary

1

The calculation of ASAP and ALAP times is a tec hnique that is routinely used in sc heduling in high-lev el

syn thesis; see, for example, [86 ] .
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input as p ossible. Similarly the set of ALAP lo cations has all FF's as close to the primary

output as p ossible. F or ASAP lo cations an y a v ailable slac ks are used to a v oid mo ving a FF

in the direction of signal 
o w, while for ALAP lo cations they are used to a v oid FF motion

against the direction of signal 
o w.

Example : F or the circuit in Figure 3.1, the lo cations for the FF's in the retimed circuit

corresp onding to the ASAP and ALAP sk ew solutions are sho wn in Figure 3.1 (a) and (b),

resp ectiv ely . This implies that during retiming, no FF will mo v e across gates G1, G2, G5,

G6, G7, G11 and G12; one FF eac h will mo v e from the input to the output of gates G3 and

G4, and either 0 or 1 FF will mo v e from the input to the output of gates G8, G9 and G10.

Referring to Section 2.1 for the de�nition of the r v ariables, this implies that one ma y set the

follo wing b ounds on the r v ariables.

(1) r ( u ) = 0 for u 2 f G 1 ; G 2 ; G 5 ; G 6 ; G 7 ; G 11 ; G 12 g

(2) r ( u ) = � 1 for u 2 f G 3 ; G 4 g , and

(3) � 1 � r ( u ) � 0 for u 2 f G 8 ; G 9 ; G 10 g . �

As explained in [109 ], FF's that ha v e p ositiv e sk ews are mo v ed in the direction opp osite to

the signal 
o w direction, and FF's with negativ e sk ews are relo cated in the direction of signal


o w (see Section 2.2 for a brief explanation). The pro cedure for �nding the ASAP and ALAP

lo cations pro ceeds along the same lines as in [109 ], with a few v ariations describ ed b elo w.

During this pro cedure, w e also generate the b ounds on the r v ariables.

When w e consider the ASAP lo cations for the retimed FF's, the aim is to push the FF's as

far as p ossible in a direction opp osite to the direction of signal propagation. Therefore, eac h

p ositiv e sk ew FF is mo v ed as far as p ossible in the direction opp osite to the signal 
o w, and

eac h negativ e sk ew FF is mo v ed as little as p ossible in the direction of signal 
o w. Therefore,

(1) for a FF with p ositiv e sk ew s that is b eing mo v ed across a single-fanout gate p against

the direction of signal propagation, the sk ew v alue after the relo cation at input i of p is

set to s � dela y( p ). If this v alue is non-p ositiv e, then the ASAP lo cation has b een found.

F or gates with m ultiple fanouts, s = min

all outputs

( s

i

), where s

i

is the sk ew of the FF

at the i

th

output, as sho wn in Figure 3.2(a).

(2) for a FF with negativ e sk ew s that is b eing mo v ed across a single-fanin gate p in the

direction of signal propagation, the sk ew v alue after the relo cation at output i of p is set

to s + dela y( p ) + slac k(i), where slac k(i) is the slac k asso ciated with the output i . This

slac k is de�ned as the amoun t b y whic h the dela y at output i ma y b e increased b efore

it b ecomes the critical output of p ; b y de�nition, the critical output has a slac k of 0. If

the new sk ew is nonnegativ e, then the ASAP lo cation has b een found. F or gates with

m ultiple fanins, s = max

all inputs

( s

i

), where s

i

is the e�ectiv e sk ew of the FF at the i

th

output, as sho wn in Figure 3.2(b).
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Skew max(s1,s2) + d(p) + slack2

Skew max(s1,s2)+ d(p) + slack1

Skew s1 < 0

Skew s2 < 0

p

Skew s2 > 0

Skew min(s1,s2)-delay(p)
Skew s1 > 0

(a) (b)

Figure 3.2 E�ectiv e sk ews at FF's after ASAP retiming across a gate.

The ALAP lo cations can b e found similarly with p ositiv e sk ew FF's b eing mo v ed as little

as p ossible in the direction opp osite to the signal 
o w direction, and negativ e sk ew FF's b eing

mo v ed as m uc h as p ossible in the signal 
o w direction.

While mo ving the FF's to ASAP and ALAP lo cations, sub ject to the sp eci�ed clo c k p erio d

P , w e coun t the n um b er of FF's that tra v erse eac h gate; these lead us to upp er and lo w er

b ounds, resp ectiv ely , on the r v ariables for eac h gate. A FF mo ving from the inputs to the

output of a gate decremen ts the coun t b y one, while one mo ving from the output to the inputs

incremen ts it b y one.

F or the ASAP case, w e mo v e FF's as far as p ossible against the direction of signal prop-

agation. In other w ords, w e relo cate the largest n um b er of FF's p ossible from the output to

the inputs of a gate. By the de�nition of the r v ariables, this giv es us an upp er b ound on r

for the gates.

Similarly , the ALAP times are used to relo cate the largest n um b er of FF's that can mo v e

from the inputs of a gate to w ards its output, and this giv es us a lo w er b ound on the r v alues

for the gates in the circuit. Therefore, this pro cedure pro vides upp er and lo w er b ounds on the

r v ariable corresp onding to eac h gate y of the form.

L

y

� r ( y ) � U

y

(3.3)

W e will refer to L

y

as the lo w er b ound for gate y and to U

y

as the upp er b ound of gate y .

Lik e the ASAP and ALAP retimings, these b ounds are with reference to a �xed host v ertex,

i.e., L

H

= U

H

= 0. If U

u

= L

u

= k

u

w e sa y that gate u is If U

y

= L

y

= k

y

w e sa y that gate

y is �xe d or immobile since r ( y ) = k

y

is not really a v ariable an y more. On the other hand if

U

y

6= L

y

w e sa y that gate y is 
exible or mobile. Th us w e can reduce the v ariable set V of the

Leiserson-Saxe mo del to V

0

� V , the v ariable set of Minaret where

V

0

= f v 2 V j U

v

6= L

v

g (3.4)

Bounds on the mirror v ertices, in tro duced to mo del the maximal latc h sharing can b e

obtained directly from the b ounds on fanout gates (as giv en b y Theorem 1). The mirror
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v ariable set M is also reduced to M

0

� M the mirror v ariable set of Minaret where

M

0

= f m 2 M j U

m

6= L

m

g (3.5)

Theorem 1 The b ounds on the r value of a mirr or vertex m

i

of gate i in Figur e 2.2 c an e asily

b e derive d fr om the b ounds on the fanout gates and ar e given by

U

m

i

= max

8 j 2 F O ( i )

( U

j

+ w ( e

ij

)) � w ( max

i

)

L

m

i

= max

8 j 2 F O ( i )

( L

j

+ w ( e

ij

)) � w ( max

i

) (3.6)

Pro of: After optimal retiming the w eigh t on at least one of the edges to the mirror v ertex

(see Figure 2.1) will b e zero [59 ] hence

min

8 j 2 F O ( i )

( w

r

( e

j m

i

)) = 0

min

8 j 2 F O ( i )

( w ( e

j m

i

) + r ( m

i

) � r ( j )) = 0

i.e., min

8 j 2 F O ( i )

( w ( e

j m

i

) � r ( j )) = � r ( m

i

)

i.e., r ( m

i

) = max

8 j 2 F O ( i )

( r ( j ) � w ( e

j m

i

))

Since r ( j ) � U

j

8 j 2 F O ( i )

w e ha v e max

8 j 2 F O ( i )

( r ( j ) � w ( e

j m

i

)) � max

8 j 2 F O ( i )

( U

j

� w ( e

j m

i

))

Therefore r ( m

i

) � max

8 j 2 F O ( i )

( U

j

� w ( e

j m

i

))

Th us the upp er b ound is

U

m

i

= max

8 j 2 F O ( i )

( U

j

+ w ( e

ij

)) � w ( max

i

)

After retiming all edge w eigh ts including edges to mirror v ertices m ust b e nonnegativ e,

that is

w

r

( e

j m

i

) � 0 8 j 2 F O ( i )

or w ( e

j m

i

) + r ( m

i

) � r ( j ) � 0 8 j 2 F O ( i )

i.e., r ( m

i

) � r ( j ) � w ( e

j m

i

) 8 j 2 F O ( i )

i.e., r ( m

i

) � r ( j ) + w ( e

ij

) � w ( max

i

) 8 j 2 F O ( i )

or r ( m

i

) � max

8 j 2 F O ( i )

( r ( j ) + w ( e

ij

)) � w ( max

i

)

Therefore the lo w er b ound is

L

m

i

= max

8 j 2 F O ( i )

( L

j

+ w ( e

ij

)) � w ( max

i

)
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3.2.3 Eliminating Unnecessary Constrain ts

In this section, w e illustrate ho w the addition of b ounds (deriv ed previously) to the LP of

Equation (2.7) in Section 2.1.4 ma y b e used to reduce the constrain t set b y dropping redundan t

constrain ts. It can b e seen from the b ounds on r ( i ) and r ( j ) in Equation (3.3) that r ( i ) � r ( j ) �

U

i

� L

j

. Therefore, if U

i

� L

j

� c

ij

then r ( i ) � r ( j ) � c

ij

is also true, and the constrain t ( i; j )

can b e dropp ed. Th us the Leiserson-Saxe constrain t set C can b e reduced to the Minaret

constrain t set C

0

� C where

C

0

= f ( i; j ) 2 C j U

i

� L

j

> c

ij

g (3.7)

Notice that constrain ts asso ciated with �xed or immobile gates can b e treated as b ounds and

need not b e included in C

0

. Lik e the Leiserson-Saxe constrain ts, the Minaret constrain ts also

consists of circuit, p erio d and mirror constrain ts, i.e., C

0

= C

0

c

[ C

0

p

[ C

0

m

, where C

0

c

is the

reduced circuit constrain t set, C

0

p

is the reduced p erio d constrain t set, and C

0

m

is the reduced

mirror constrain t set.

3.2.4 Reduced Linear Program

W e use the Equations (3.4), (3.5) and (3.7) to reduce the LP in Equation (2.7) to the

follo wing LP in Minaret

min

X

v 2f V

0

[ M

0

g

2

4

0

@

X

8 j 2 F I ( v )

� ( e

j v

) �

X

8 j 2 F O ( v )

� ( e

v j

)

1

A

� r ( v )

3

5

(3.8)

sub ject to r ( u ) � r ( v ) � c

uv

8 ( u; v ) 2 C

0

L

u

� r ( u ) � U

u

8 u 2 ( V

0

[ M

0

)

3.2.5 An Example

The follo wing example illustrates the metho d and sho ws ho w the n um b er of constrain ts

can b e reduced using our approac h.

Consider the circuit example sho wn in Figure 3.3. As in the previous examples, w e mak e

the assumption that the gates ha v e unit dela ys. W e consider t w o p ossible clo c k p erio ds of 2

units and 3 units in this example.

IN OUTFF1

a b c d

Figure 3.3 Example illustrating the approac h.
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3.2.5.1 When P = 2 units

F or a clo c k p erio d of t w o units, the list of constrain ts generated b y the approac h in [115 ]

is listed b elo w.

Circuit constrain ts r ( h ) � r ( a ) � 1

r ( a ) � r ( b ) � 0

r ( b ) � r ( c ) � 0

r ( c ) � r ( d ) � 0

r ( d ) � r ( h ) � 0

P erio d constrain ts r ( h ) � r ( c ) � 0

r ( a ) � r ( c ) � � 1

r ( b ) � r ( d ) � � 1

Note that

(a) the dela y asso ciated with the host no de is zero, and

(b) the v alue of r ( h ) is set to zero as a reference, so that it is not really a v ariable.

Therefore, this is a problem with four v ariables and eigh t linear constrain ts (of whic h three act

as simple b ounds).

In our approac h, for a clo c k p erio d of 2, w e �rst �nd the b ounding sk ews. The FF's at

the input and output ma y not b e mo v ed, and therefore, the only mo v able FF is FF1, whic h

is assigned a sk ew of -2 units. The correctness of this sk ew v alue is easy to v erify since the

only feasible lo cation of FF1 under c = 2 is t w o dela y units to the righ t of its curren t lo cation.

Therefore, w e �nd that b y using the concept of restricted mobilit y ,

� 1 � r ( a ) � � 1 ) r ( a ) = � 1

� 1 � r ( b ) � � 1 ) r ( b ) = � 1

0 � r ( c ) � 0 ) r ( c ) = 0

0 � r ( d ) � 0 ) r ( d ) = 0

Since all no des are �xed, and all the constrain ts can b e dropp ed, all of the constrain ts and

v ariables ha v e b een eliminated!
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3.2.5.2 When P = 3 units

With the clo c k p erio d is set to 3 units, the list of constrain ts is

Circuit constrain ts r ( h ) � r ( a ) � 1

r ( a ) � r ( b ) � 0

r ( b ) � r ( c ) � 0

r ( c ) � r ( d ) � 0

r ( d ) � r ( h ) � 0

P erio d constrain ts r ( h ) � r ( d ) � 0

r ( a ) � r ( d ) � � 1 ;

As b efore, r ( h ) = 0 is set as a reference, giving a problem with four v ariables (as b efore) and

sev en linear constrain ts (of whic h three act as simple b ounds).

Under our approac h, the relo cated FF can reside either at the input of gate b, the output

of gate b, or the output of gate c. Therefore, w e ha v e

� 1 � r ( a ) � � 1 ) r ( a ) = � 1

� 1 � r ( b ) � 0

� 1 � r ( c ) � 0

0 � r ( d ) � 0 ) r ( d ) = 0

Using these b ounds w e drop all constrain ts but

r ( b ) � r ( c ) � 0

Therefore, w e ha v e reduced the problem complexit y to t w o v ariables, eac h with �xed upp er

and lo w er b ounds and one linear constrain t. (Note that upp er/lo w er b ound constrain ts are

t ypically m uc h easier to handle in LP's than general linear constrain ts; in fact, in man y cases,

upp er and lo w er b ounds are actually helpful in solving the LP .)

3.3 Minarea Retiming Using Minaret

The ideas describ ed so far ha v e b een encapsulated in Minaret (MINim um Area RETiming),

a minim um area retiming algorithm for large sequen tial circuits. Minaret consists of three

phases of �nding the b ounds, generating the LP and solving it. Eac h of these is describ ed in

detail in this section.

3.3.1 Deriving Bounds on the r V ariables

As describ ed in Section 3.2.2 the b ounds are deriv ed b y �nding the ASAP and ALAP

lo cations of the FF's, using a mo di�ed form of ASTRA. An e�cien t metho d for calculating
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all FF-to-FF dela ys ( D

ij

's) required b y ASTRA, presen ted in [108 ], is used in Minaret. If the

initial lo cations of FF's satisfy the target clo c k p erio d all lo w er b ounds m ust b e nonp ositiv e

and all upp er b ounds m ust b e nonnegativ e (i.e., L

i

� 0 and U

i

� 0 8 i ), since r ( i ) = 0 8 i is

a feasible solution. Ho w ev er, if the target clo c k p erio d is smaller than the initial p erio d, w e

ma y b e forced to mo v e a FF from the inputs of a gate to its outputs to obtain an y feasible

(including the ASAP) lo cations. Th us it is p ossible to ha v e a negativ e upp er b ound. Similarly

it is p ossible to ha v e a p ositiv e lo w er b ound if the target clo c k p erio d is smaller than the initial

p erio d. The b ounds on the mirror v ertices for all gates with more than one fanout are deriv ed

from the circuit graph using Theorem 1.

3.3.2 Generating the Linear Program

Using the alternativ e description of the maximal FF sharing in Section 2.1.4 the ob jectiv e

function co e�cien ts are obtained b y insp ection of the circuit, without explicitly adding the

mirror v ertices. The circuit and the mirror constrain ts in C

0

are obtained from direct insp ection

of the circuit graph using Equation (3.7). Because the b ounds on the mirror v ertices can also

b e obtained directly from the b ounds on the gate v ertices, w e do not need to explicitly add

the mirror v ertices to the circuit graph. Since ev ery m ulti-fanout gate has a mirror v ertex, this

giv es us imp ortan t sa vings in terms of the space and time requiremen ts. W e no w describ e ho w

to obtain the p erio d constrain ts in C

0

.

F or large circuits (with tens of thousand gates) O ( j V j

2

) memory required b y the Leiserson

and Saxe metho d of generating p erio d constrain ts [59 ] is not practical, therefore, w e use the

metho d from [115 ], whic h requires only O ( j V j ) memory . W e tak e adv an tage of the b ounds

obtained in Section 3.3.1 to mo dify this metho d to run faster, generating only the reduced

constrain t set C

0

.

The algorithm in [115 ] uses a com bination of the Dijkstra's algorithm and the Bellman-F ord

algorithm. The algorithm w orks b y generating one ( s

th

) ro w of the W and the D matrix at a

time. An ordered pair ( w ( e

ij

) ; � d ( i )), denoted b y ( a

i

; b

i

), is asso ciated with eac h edge e

ij

and

is used to compute the shortest distance from v ertex a source v ertex s . A heap is main tained

for eac h distinct v alue of a

i

and is indexed b y this v alue. Un til all heaps are empt y , w e extract

the no de u at the top of the minim um index heap using the function p op-min(heap index).

The fanouts of u are added to the appropriate heaps if their a

u

or b

u

v alues are up dated

(Bellman-F ord relaxation). A t the end of this pro cedure D ( s; u ) = � b

u

and W ( s; u ) = a

u

.

Note that to satisfy a clo c k p erio d P , all w e ha v e to do is to ensure that eac h path whose

dela y is greater than P has at least one FF on it. The n um b er of FF's on an y path is monotonic

with the path length b ecause negativ e edge w eigh ts are not allo w ed. Due to the monotonicit y

of edge w eigh ts, if w e ensure at least one FF on an y sub-path, w e are assured to ha v e at least

one FF on all paths con taining this sub-path. This strategy can b e used to prune the n um b er

of constrain ts generated as w ell as the gates examined.
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Adding a p erio d constrain t from s to u is one w a y to ensure at least one FF on all paths

from s to u . This observ ation presen ted b y Leiserson-Saxe w as used in [115 ] to prune the

constrain t set. The idea w as to add a p erio d edge to only the v ertex v , reac hable from s , that

satis�es the follo wing:

D ( s; v ) > P and D ( s; u ) � P 8 u on s  F I ( v ) (3.9)

where s  F I ( v ) is a path from s to a fanin of v . Th us if the p erio d constrain t is added, the

fanouts of u need not b e relaxed. Similarly if the b ounds on the r v ariables guaran tee us at

least one FF on an y sub-path, w e need not pro cess an y path con taining this sub-path.

A t the end of the ASTRA run for obtaining the lo w er b ounds all FF's are in the ALAP

lo cations. If the dela y of all the gates is not the same, it is p ossible that retimed circuit

obtained b y ASTRA with FF's in the ALAP lo cations ma y ha v e some purely com binational

paths with dela ys that are greater than the target clo c k p erio d P . Ho w ev er in practice, most

of the other paths satisfy the target clo c k p erio d. W e will use this observ ation to further sp eed

up the constrain t generation pro cess.

Consider a �xed gate a in the circuit at the end of the ALAP run. No w if none of the

com binational paths starting at this gate violate the clo c k p erio d, w e ha v e W

ALAP

( a; i ) � 1

if D ( a; i ) > P 8 i . Since W

ALAP

( a; i ) = W ( a; i ) + L

i

� L

a

w e ha v e L

a

� L

i

� W ( a; i ) � 1,

or L

a

� L

i

� c

a;i

. Since gate a is �xed U

a

= L

a

, w e obtain U

a

� L

i

� c

a;i

8 i 2 V , whic h is

guaran teed to b e true, and hence all constrain ts starting from �xed gate a are redundan t, and

w e do not need to generate them. Th us w e m ust generate p erio d constrain ts only from those

�xed gates whic h ha v e at least one purely com binational path starting from it with dela y more

than the clo c k p erio d. Let us call this set V

00

.

The pseudo co de presen ted b ello w explains ho w w e use the b ounds on the r v ariables to

generate the reduced constrain t set C

0

e�cien tly .

P = target clock period;

L

i

� r ( i ) � U

i

8 i 2 V ;

S

k

= the k

th

heap;

L

min

= min ( L

i

) 8 i 2 V ;

8 s 2 V

0

[ V

00

f

s = current vertex;

8 v 2 V ; a

v

= 1 and b

v

= 0 ;

S

0

= f s g ; a

s

= 0 ; and b

s

= � d ( s ) ;

k = current register weight;

do f

k = min f p j S

p

6= ;g ;

if( k � U

s

� L

min

+ 1 ) break;
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u = pop-min( S

k

) ;

if( U

s

� L

u

� k � 1 ) continue;

if( � b

u

> P )

add a period edge c ( s; u ) with weight a

u

� 1

else f

8 v 2 F O ( u ) f

if( k � U

s

+ L

v

< 1 )

if( ( a

v

; b

v

) > ( a

u

+ s

u;v

; b

v

� d ( v )) )

heap-insert( S

a ( u )+ s

u;v

; v );

g

g

g while( 9 p j S

p

6= ; )

g

3.3.3 Solving the Linear Program

Lik e Equation (2.7), the LP in Equation (3.8) is also a dual of a minim um cost net w ork 
o w

problem. W e found that it could b e solv ed v ery e�cien tly using the net w ork simplex algorithm

from [5]. The net w ork simplex metho d is a graph based adaptation of the LP simplex metho d

whic h exploits the net w ork structure to ac hiev e v ery go o d e�ciency . The upp er and lo w er

b ounds on the r v ariables pro vide a initial feasible spanning tree. This tree has t w o lev els only ,

with the host no de as the ro ot and all other no des as lea v es. T o prev en t cycling w e construct

the initial basis to b e strongly feasible b y using the appropriate b ound (upp er or lo w er) to

connect a no de to the ro ot (host no de). It is easy to main tain strongly feasible trees during

the simplex op erations, and details are giv en in [5 ].

Using the �rst eligible arc piv ot rule with a wraparound arc list from [3] (page 417) ga v e us

signi�can t impro v emen ts in the run time. The dual v ariables ( r v ariables) are directly a v ailable

from the min cost 
o w solution. W e could solv e problems with more than 57,000 v ariables and

3.6 Million constrain ts in ab out 2.5 min utes.

3.4 Exp erimen tal Results

W e no w presen t area minimization results on circuits in the ISCAS89 [7 ] b enc hmark suite,

sub ject to a giv en clo c k p erio d. W e assume that all gates ha v e a unit dela y , although w e

emphasize that the algorithm is applicable when gates ha v e non-unit dela ys. The target clo c k

p erio d is set to b e the minim um ac hiev able clo c k p erio d for the circuit under retiming and is

calculated using ASTRA. Therefore the results sho w the smallest n um b er of FF's for the b est

clo c k p erio d for all circuits. Since w e did not ha v e access to large circuits ( > 20 ; 000 gates) w e
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created some large circuits (m y ex1 through m y ex5) b y com bining circuits from the ISCAS89

b enc hmark suite.

W e presen t the results in t w o tables. T able 3.1 presen ts measures of the qualit y of minim um

area retiming in the circuits. F or eac h circuit, the n um b er of gates j G j , the target clo c k p erio d

P , the �nal n um b er of FF's in the circuit from b oth ASTRA and Minaret, and the CPU time

in seconds T

exec

of Minaret are sho wn. Also sho wn are t w o metrics on the circuits: F

f x

, the

p ercen tage of gates found to b e �xed and M

av g

, the a v erage mobilit y , i.e., the a v erage v alue

of ( U

y

� L

y

) o v er all gates in the circuit. Since U

y

� L

y

giv es the range in p ossible v alues

(or mobilit y) of r ( y ), M

av g

is a measure of the a v erage mobilit y in the circuit. The n um b er

of FF's b oth in ASTRA and Minaret are obtained under the more accurate area mo del of

Section 2.1.4, after taking in to accoun t the maxim um sharing of FF's at all no des (including

primary inputs) in the circuit. The execution times are in seconds on a DEC AXP system

3000/900 w orkstation, and include the time sp en t in getting the b ounds, generating the LP

and solving it.

F or most ISCAS89 circuits M

av g

w as less than unit y and the a v erage o v er all ISCAS89

circuits w as ab out 0.7. The p ercen tage of �xed no des F

f x

v aried from b eing as high as 95% to

b eing b elo w 1% (for s38417). W e observ ed that circuits that ha v e a small critical part (p erhaps

a cycle in the retiming graph) with most gates b eing o� the critical paths in the timing graph,

result in high v alues of M

av g

. W e note that these circuits are not v ery w ell suited for retiming

since the small critical parts of the circuit restrict the rest of the circuit from ac hieving b etter

clo c k p erio ds. The CPU time T

exec

dep ends on the the n um b er of gates in the circuit j G j , the

a v erage mobilit y M

av g

and F

f x

.

In [115 ] the circuit s38584 needed 38 hours of CPU time, while Minaret could retime it in

ab out one min ute. W e p oin t out, though, that suc h a comparison is not en tirely fair since (a)

the results are generated on di�eren t platforms and (b) the circuits used in [115 ] are mo di�ed

ISCAS89 b enc hmarks and ha v e a m uc h smaller n um b er of gates. F or example s38584 has 7882

gates in [115 ] while it has 19,253 gates in this w ork.

In T able 3.2, w e compare the size of the LP for Minaret and the original problem b y

presen ting the n um b er of v ariables and constrain ts for b oth metho ds. The n um b er of v ariables

include b oth the gate and mirror v ariables. The n um b er of constrain ts for Minaret includes

the upp er and lo w er b ounds, while that for the original metho d are obtained b y using the

pruning strategy suggested in [59 ], and implemen ted in [115 ]. The reduction in the n um b er

of constrain ts in Minaret dep ends on the a v erage mobilit y M

av g

and F

f x

. Ho w ev er, since the

original constrain ts are generated after some pruning them self, the reduction is a�ected b y

other factors as w ell. T able 3.2 also presen ts the breakup of the CPU time (in seconds) in

terms of the time sp en t in using ASTRA to arriv e at the b ounds for the r v ariables ( T

b

), the

time sp en t in generating the LP of Equation (3.8) ( T

g

) and the time needed to solv e this LP

b y the net w ork simplex metho d ( T

s

).
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T able 3.1 Minarea Retiming Using Minaret

Circuit j G j P # FFs F

f x

M

av g

T

exec

ASTRA Minaret

s27 10 6.0 3 3 86.67% 0.13 0.00s

s208.1 104 10.0 27 9 66.09% 0.36 0.01s

s298 119 6.0 36 22 34.38% 0.75 0.01s

s382 158 7.0 33 23 32.93% 0.67 0.02s

s386 159 11.0 6 6 90.75% 0.09 0.01s

s344 160 14.0 22 19 11.11% 1.24 0.04s

s349 161 14.0 22 19 11.05% 1.24 0.04s

s444 181 7.0 49 28 31.05% 0.69 0.03s

s526n 194 6.0 41 30 42.36% 0.59 0.02s

s510 211 11.0 8 7 42.62% 0.62 0.07s

s420.1 218 12.0 57 17 60.76% 0.41 0.03s

s635 286 66.0 35 35 68.17% 0.32 0.04s

s641 379 74.0 19 19 70.55% 0.29 0.05s

s713 393 74.0 19 19 67.85% 0.32 0.08s

s967 394 12.0 41 35 12.24% 0.88 0.22s

s953 395 13.0 44 27 8.99% 0.93 0.26s

s838.1 446 16.0 117 33 53.01% 0.51 0.14s

s938 446 16.0 117 33 53.01% 0.51 0.14s

s1196 529 24.0 18 18 81.33% 0.19 0.03s

s1238 508 22.0 18 18 81.53% 0.19 0.03s

s1269 569 19.0 111 84 54.77% 0.49 0.11s

s1494 647 16.0 20 7 93.47% 0.07 0.05s

s1488 653 16.0 17 7 95.44% 0.05 0.05s

s1423 657 53.0 76 76 28.13% 0.83 0.59s

s1512 780 23.0 84 70 18.55% 0.99 1.05s

s3271 1,572 15.0 306 168 49.38% 0.81 0.25s

prolog 1,601 13.0 358 122 49.77% 0.55 0.27s

s3384 1,685 27.0 438 167 14.31% 3.15 2.44s

s3330 1,789 14.0 331 110 63.46% 0.39 0.22s

s4863 2,342 30.0 201 138 28.46% 0.97 5.24s

s5378 2,779 21.0 555 173 36.12% 0.85 1.28s

s6669 3,080 26.0 719 305 40.02% 0.76 2.20s

s9234.1 3,270 38.0 205 134 14.62% 1.55 6.18s

s13207.1 7,791 51.0 629 446 21.49% 2.96 10.38s

s15850.1 9,617 63.0 571 525 24.15% 1.52 38.81s

s35932 16,065 27.0 1,729 1,729 55.27% 0.54 7.56s

s38584.1 19,253 48.0 1,428 1,427 14.22% 2.13 65.07s

s38417 21,370 32.0 1,616 1,370 0.88% 4.35 146.92s

m y ex1 25,717 42.0 5,146 2,293 4.75% 2.51 169.10s

m y ex2 28,946 45.0 5,655 2,022 8.73% 2.26 160.47s

m y ex3 35,353 35.0 8,052 3,279 5.22% 2.65 489.52s

m y ex4 40,661 35.0 11,591 2,803 1.80% 4.12 421.50s

m y ex5 56,751 47.0 11,488 3,378 4.95% 3.98 799.64s
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T able 3.2 Reduction in Num b er of V ariables and Constrain ts in Minaret

Circuit # V ariables # Constrain ts T

b

T

c

T

s

Minaret Original F

r ed

Minaret Original F

r ed

s27 5 20 75.00% 10 35 71.43% 0.00s 0.00s 0.00s

s208.1 54 144 62.50% 239 540 55.74% 0.00s 0.00s 0.00s

s298 117 163 28.22% 628 1,471 57.31% 0.01s 0.00s 0.00s

s382 157 217 27.65% 1,005 2,146 46.83% 0.01s 0.01s 0.00s

s386 22 200 89.00% 73 2,903 97.94% 0.01s 0.01s 0.00s

s344 201 221 9.05% 1,722 2,117 18.66% 0.01s 0.03s 0.00s

s349 203 223 8.97% 1,581 1,847 14.40% 0.01s 0.03s 0.00s

s444 177 256 30.86% 1,430 3,121 54.18% 0.01s 0.02s 0.00s

s526n 167 258 35.27% 1,097 4,674 76.53% 0.01s 0.01s 0.00s

s510 183 311 41.16% 2,303 7,331 68.59% 0.01s 0.06s 0.00s

s420.1 123 296 58.45% 553 609 9.19% 0.01s 0.02s 0.00s

s635 157 416 62.26% 478 1,283 37.26% 0.02s 0.02s 0.00s

s641 158 496 68.15% 521 1476 64.70% 0.02s 0.03s 0.00s

s713 191 532 64.10% 663 2,373 72.06% 0.02s 0.07s 0.00s

s967 527 583 9.61% 9,223 13,929 33.79% 0.02s 0.18s 0.02s

s953 554 593 6.58% 10,918 12,585 13.24% 0.02s 0.22s 0.03s

s838.1 296 600 50.67% 1,235 2,482 50.24% 0.03s 0.11s 0.00s

s938 296 600 50.67% 1,235 2,484 50.24% 0.03s 0.11s 0.00s

s1196 184 713 74.19% 570 1,686 66.19% 0.02s 0.01s 0.00s

s1238 182 702 74.07% 565 1,781 68.28% 0.02s 0.01s 0.00s

s1269 371 765 51.50% 1,363 20,250 93.27% 0.03s 0.08s 0.00s

s1494 50 751 93.34% 247 32,215 99.24% 0.02s 0.03s 0.00s

s1488 37 757 95.11% 154 33,277 99.54% 0.03s 0.03s 0.00s

s1423 647 860 24.77% 2,359 16,266 85.50% 0.05s 0.54s 0.01s

s1512 823 983 16.28% 24,331 52,346 53.52% 0.04s 0.98s 0.03s

s3271 1,079 2,038 47.06% 5,492 43,506 87.38% 0.07s 0.16s 0.02s

prolog 1,039 1,992 47.84% 5,304 37,319 85.79% 0.08s 0.17s 0.02s

s3384 1,870 2,166 13.67% 47,916 49,487 3.17% 0.12s 2.07s 0.25s

s3330 858 2,212 61.21% 4,595 30,409 84.84% 0.08s 0.12s 0.01s

s4863 2,170 2,995 27.55% 92,873 597,323 84.45% 0.11s 4.80s 0.34s

s5378 2,385 3,664 34.91% 19,170 168,530 88.63% 0.11s 1.04s 0.13s

s6669 2,539 4,100 38.07% 20,041 341,750 94.14% 0.17s 1.89s 0.14s

s9234.1 3,366 3,893 13.54% 54,610 137,962 60.42% 0.18s 5.65s 0.35s

s13207.1 7,303 9,180 20.45% 38,630 491,561 92.14% 0.63s 8.74s 1.01s

s15850.1 8,740 11,332 22.87% 38,318 1,046,108 96.34% 0.99s 36.32s 1.50s

s35932 10,306 21,716 52.54% 53,087 389,647 86.38% 1.13s 4.55s 1.88s

s38584.1 20,486 23,390 12.42% 97,268 11,450,472 99.18% 2.23s 54.40s 8.44s

s38417 25,731 25,923 0.74% 1,507,162 1,628,544 7.45% 2.93s 91.60s 52.38s

m y ex1 31,476 32,922 4.39% 812,872 3,275,567 75.18% 3.41s 146.34s 19.36s

m y ex2 31,704 34,493 8.09% 398,697 17,185,252 97.68% 4.26s 131.83s 24.38s

m y ex3 42,604 44,812 4.93% 5,693,689 16,978,788 66.46% 5.01s 403.84s 80.66s

m y ex4 48,415 49,214 1.62% 2,635,127 8,186,340 67.81% 6.47s 311.51s 103.52s

m y ex5 57,488 60,241 4.57% 3,600,681 24,316,717 85.20% 10.33s 637.84s 151.47s
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T

b

dep ends on the n um b er of gates and FF's in the circuit, j G j and the a v erage mobilit y ,

M

av g

, of the circuit. Phase A of ASTRA is dep enden t on the n um b er of gates for obtaining the

FF to FF dela ys and on the n um b er of FF's for the Bellman-F ord runs. The CPU time tak en

for phase B of ASTRA dep ends on M

av g

, since M

av g

giv es a measure of ho w man y retiming

(or mo v emen t of FF's across gates) are p erformed in phase B.

T

g

is most strongly in
uenced b y the n um b er of 
exible gates, i.e., (1 � F

f x

) � j G j , whic h is

equal to the n um b er of ro ws of W and D matrices w e need to generate. It is also in
uenced b y

M

av g

in that it determines the n um b er of gates pro cessed for eac h ro w of W and D matrices.

T

s

dep ends on the size of the LP in terms of the n um b er of v ariables and constrain ts.

3.5 Conclusion

In this c hapter w e presen ted a fast algorithm for minarea retiming of large circuits. The

con tributions of this c hapter are t w ofold. First, it reconciles the Leiserson-Saxe algorithm

with the ASTRA algorithm and sho ws the relation b et w een these t w o. Second, it utilizes this

relationship to go o d purp ose b y mo difying the ASTRA algorithm to mak e a v ailable information

from the sk ew-retiming equiv alence that is of great b ene�t in solving the minarea retiming

problem under the Leiserson-Saxe framew ork.

Exp erimen tal results on b enc hmark circuits in the ISCAS89 b enc hmark suite ha v e b een

presen ted, and the pro cedure is seen to giv e go o d b ene�ts. The n um b er of v ariables and

constrain ts where dramatically reduced in most cases. The en tire ISCAS89 b enc hmark suite

could b e retimed in min utes. This c hapter sho ws that it is p ossible to p erform minarea retiming

on large circuits in a reasonable amoun t of time.

Ev en though the a v erage mobilit y M

av g

is high and the fraction of �xed gates F

f x

is lo w

for the large circuits w e created, w e are still able to retime them in a reasonable amoun t of

time. Because of the v arious pruning tec hniques used in Minaret, the n um b er of constrain ts

in practical circuits gro ws at a far slo w er rate than O ( j G j

2

).

Minaret also has a reduced memory requiremen t since a signi�can t n um b er of constrain ts

are not stored. W e found that for large circuits ha ving constrain ts in millions, the memory

requiremen t b ecomes a b ottlenec k. The reduction in the n um b er of constrain ts also reduces

b oth the problem generation and the problem solution time.

T o the b est of our kno wledge, no other retiming algorithm incorp orates pruning metho ds to

reduce the n um b er of v ariables. This reduction in the n um b er of v ariables signi�can tly reduces

the problem generation time. Notice that due to the presence of mirror v ertices, the n um b er

of v ariables can b e up to t wice the n um b er of gates in the circuit. Hence the reductions in

the n um b er of v ariables and constrain ts pro vided b y Minaret are imp ortan t to retime large

circuits.
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4 RETIMING CONTR OL LOGIC

4.1 In tro duction

A ma jor problem asso ciated with the application of retiming to con trol logic, is the preser-

v ation of the initial (reset) state of a circuit, whic h is determined b y the initial v alues of the

registers in the circuits. In the syn thesis of con trol logic, the initial state of the circuit is an

in tegral part of its b eha vior therefore, it is necessary to �nd an equiv alen t initial state for the

retimed circuit. An initial state in the retimed circuit is equiv alen t to that in the original

circuit if for an y input sequence applied to b oth the circuits, with the original circuit started

in the initial state and the retimed circuit started in the equiv alen t initial state, the same

sequence of outputs is pro duced [30 ].

0

?

G1

FF B

1
FF A

(a) (b)

Figure 4.1 (a) Original circuit. (b) Retimed circuit

It is not alw a ys p ossible to �nd an equiv alen t initial state for the retimed circuit without

mo difying it. F or example, consider the circuit in Figure 4.1 tak en from [130 ]. If the initial

v alue of FF's A and B are 1 and 0, resp ectiv ely , then the retimed circuit cannot b e initialized

to ha v e the same b eha vior as the original circuit since an equiv alen t initial v alue of FF C in the

retimed circuit cannot b e found. T ec hniques for �nding a retiming with an equiv alen t initial

state w ere prop osed in [30 , 130 ].

retiming by -1 f(a,b)f

a

b

f

Figure 4.2 F orw ard retiming of a com binational logic no de
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As sho wn in Figure 4.2, an equiv alen t initial state can alw a ys b e found for forw ard motion

of FF's (referred to as \negativ e retimings" using the notation of Leiserson and Saxe). Th us,

one w a y to ensure that an equiv alen t initial state can alw a ys b e found, is to p ermit only

forw ard retiming mo v es. This concept w as used b y T ouati and Bra yton in [130 ] to compute

initial states of retimed circuits. In their approac h, FF's ma y b e remo v ed from all the primary

inputs and inserted at all the primary outputs, corresp onding to a motion across the host no de

(de�ned in Section 2.1). The problem is then reduced to determining the initial v alues for

the FF's inserted at the primary inputs. If k FF's are inserted at the primary inputs then

a sequence of k input v alues is required. This sequence is obtained from the state transition

diagram extracted from the circuit. Suc h a sequence exists if the initial state is reac hable

from an y other state in k transitions; otherwise the circuit has to b e mo di�ed b y incorp orating

additional logic to obtain suc h a sequence. This logic increases the circuit area and ma y also

increase the minim um ac hiev able clo c k p erio d [30 ].

P ermitting only forw ard mo v es is to o restrictiv e b ecause some bac kw ard mo v es ha v e equiv-

alen t initial states. F or example, if in the circuit in Figure 4.1, b oth FF A and B ha v e the same

initial v alue, then the bac kw ard mo v e across gate G1 is p ossible while main taining equiv alen t

initial state. Hence another retiming requiring some bac kw ard mo v es ma y exist, that enables

one to �nd an equiv alen t initial state without an y mo di�cations to the circuit, ev en for cir-

cuits where the metho d of [130 ] required circuit mo di�cations. Rev erse retiming [30 , 128 ] �nds

this retiming b y disallo wing FF mo v es across the primary outputs and b y minimizing their

bac kw ard motion.

F or digital circuit design, the most useful ob jectiv e function is that of constrained minarea

retiming. Ho w ev er none of the ab o v e metho ds considers the area p enalt y during retiming to

ac hiev e the target clo c k p erio d since they p erform minp erio d retiming rather than minarea

retiming. The standard minarea algorithms, e.g., [59 , 115 ] or Minaret pa y no regard to the

initial states, and while they ha v e applications in datapaths where the initial state is unim-

p ortan t, they cannot b e used to optimize con trol logic since an equiv alen t initial state is not

guaran teed to exist in the retimed circuit.

W e b eliev e that this thesis is the �rst to target the problem of minarea retiming for con trol

logic guaran teeing equiv alen t initial states. As in [130 ], w e use the phrase r etiming an initial

state to mean �nding a retiming (with a initial state) suc h that the original circuit and the

retimed circuit ha v e the same b eha vior when started in their resp ectiv e initial states. W e

use the term minar e a initial state r etiming to refer to retiming an initial state with minim um

n um b er of FF's.

In this c hapter w e use b ounds on the retiming v ariables to allo w bac kw ard motion of FF's

only if an equiv alen t initial v alue exits. Therefore, an y retiming th us obtained will ha v e an

equiv alen t initial state. There ma y b e m ultiple sets of these b ounds, and all of them m ust

b e explored to obtain an optimal minarea initial state retiming. Ho w ev er the n um b er of FF's
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obtained b y standard minarea retiming can b e used as a lo w er b ound to prune this exploration.

This c hapter also pro vides a new form ulation that tak es in to accoun t the initial v alue of

the FF's while mo deling the sharing of FF's at the output of a m ulti-fanout gate. The metho d

presen ted here is applicable for retiming of an y circuit whic h has more than one t yp e of memory

elemen ts (e.g., FF's with load enables) suc h that memory elemen ts of di�eren t t yp es can not

b e merged together.

The rest of the c hapter is organized as follo ws: In Section 4.2 w e presen t an metho d to en-

sure the existence of an equiv alen t initial state, follo w ed b y the FF sharing mo del in Section 4.3.

W e presen t exp erimen tal results in Section 4.4 and conclude the c hapter in Section 4.5.

4.2 Ensuring Equiv alen t Initial States

The requiremen t of initial state equiv alence imp oses restrictions in addition to those in the

con v en tional minarea retiming problem. Th us the n um b er of FF's obtained b y the con v en tional

minarea retiming is a lo w er b ound on the n um b er of FF's obtainable b y a minarea equiv alen t

state retiming. W e call this lo w er b ound �.

?

(b)(a)

A

B

C

D
0

1

1

0

Figure 4.3 Con v en tional minarea retiming

D
(a) (b)

0

1

0

0

0

1

0

C

B

A

Figure 4.4 Example of v ariation in the n um b er of FF's with initial state

Ho w ev er it is not alw a ys p ossible to ac hiev e this lo w er b ound. As an example, consider

the circuit sho wn in Figure 4.3(a), and the con v en tional minarea retiming (without regard to

initial state) sho wn in Figure 4.3(b) requiring only one FF. If the initial v alue for FF A through

D is as sho wn, then the retimed circuit in Figure 4.3(b) do es not ha v e an equiv alen t initial
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(a) (b)

1

0
0A

0
B

1
C

1
D

Figure 4.5 Another example of v ariation in the n um b er of FF's with initial

state

state. F urther, there is no p ossible retiming with one FF that has an equiv alen t initial state.

Ho w ev er, if the initial v alue for eac h FF in the circuit is 0 and FF D is 0, then the retiming

obtained in Figure 4.3(b) is feasible in terms of initial state equiv alence. Therefore, dep ending

on the initial state, it ma y or ma y not b e p ossible to ac hiev e the lo w er b ound �.

Additionally , the optimal n um b er of FF's with equiv alen t initial state dep ends on the initial

state of the original circuit. As sho wn in Figure 4.4, if initial v alue of FF's are f A=0, B=0,

C=1, D=0 g then the minim um n um b er of FF's p ossible is 3. It can readily b e v eri�ed that

if the initial v alue of FF's are f A=0, B=0, C=1, D=1 g then the minim um n um b er of FF's is

t w o, as sho wn in Figure 4.5.

In this c hapter, w e will attempt to �nd the minarea equiv alen t state retiming for a giv en

circuit top ology , and a giv en set of initial v alues. T o ensure the existence of an equiv alen t

initial state in the retimed circuit w e allo w only those retiming mo v es that ha v e an equiv alen t

initial state. This includes all forw ard retimings except across host no de ( r ( H ) = 0), and

bac kw ard retiming mo v es with equiv alen t initial states. W e forbid retiming across the host

v ertex b ecause it requires a sequence of initial v alues for the primary inputs to b e obtained

from the state transition diagram extracted from the circuit and, in addition could require

mo di�cations to the original circuit [130 ].

G1

G2

G3

G4

G5

C

B

1

1

A
0

Figure 4.6 An example circuit where lo w er b ound � is ac hiev able

As an example, consider the circuit in Figure 4.6 and its retimed v ersion in Figure 4.7.

If the initial v alues of FF's are f A=0, B=1, C=1 g , then there is no equiv alen t set of initial

v alues for the retimed FF's D and E in Figure 4.7. Figure 4.8 presen ts a alternativ e retiming

of the original circuit requiring the same n um b er of FF's, but in this case an initial v alue
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G1

G2

G3

G4

G5
E

1

?
D

Figure 4.7 A minarea retiming without equiv alen t initial state

G1

G2

G3

G4

G5
H

I
0

1

Figure 4.8 A minarea retiming with equiv alen t initial state

of 0 at FF I and 1 at FF H is equiv alen t to the original initial state. Note that p erforming

con v en tional minarea retiming without regard to initial states could result in either of these

retimings. Therefore, ev en if the lo w er b ound � is ac hiev able, there is no guaran tee that an

algorithm that ignores the initial state will �nd it.

T o understand wh y some retimings ha v e equiv alen t initial states and others do not, w e

observ e that the fundamen tal reason for b eing unable to ac hiev e an equiv alen t initial state

for retiming is the presence of con
icting v alues at the fanouts of a gate. F or example, in

Figure 4.6 if w e try to mo v e the FF's in the original circuit bac kw ards to obtain the retiming

in Figure 4.7 w e get FF's at the output of gate G1 with v alues 1 and 0, whic h cannot b e mo v ed

to the input of gate G1 while main taining an equiv alen t initial state. W e refer to this situation

as a c on
ict , and it is the reason wh y the lo w er b ound � is not alw a ys ac hiev able.

T o see ho w w e p erform initial state retiming in the presence of con
icts, consider the circuit

of Figure 4.6. If w e do not allo w an y bac kw ard motion of FF's across gate G1, than w e can b e

assured that ev ery retiming has an equiv alen t initial state. Bac kw ard motion across G1 can

b e prohibited b y forcing an upp er b ound of 0 on the r v ariable of gate G1. It can b e seen that

an y retiming with r ( G 1) � 0 and r ( H ) = 0 has an initial state equiv alen t to the initial state

of the original circuit.

Th us one w a y to ensure that an y obtained retiming has an equiv alen t initial state, is to

up date the upp er b ounds U

v

in the LP of Equation (3.8) so that con
icting FF's at the fanouts

of a gate are nev er retimed to its inputs. This will ensure a v alid equiv alen t state in the retimed

circuit. This new upp er b ound on gate v that ensures a v alid equiv alen t state is called B

v

. Since

w e w an t a retiming that has an equiv alen t state and satis�es the target clo c k p erio d w e need to

enforce r ( v ) � B

v

and r ( v ) � U

v

. If w e de�ne justi�c ation upp er b ound as J

v

= min ( B

v

; U

v

),
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then w e only need to ensure r ( v ) � J

v

. A set of suc h justi�cation upp er b ounds denoted b y

�

i

= f J

i

u

j 8 u 2 V g . Since forw ard retiming mo v es alw a ys ha v e equiv alen t initial v alues, the

lo w er b ounds from Equation (3.8) for con v en tional minarea retiming are still v alid for minarea

initial state retiming. Th us w e obtain the follo wing mo di�ed LP

minimize

P

v 2 V

[ ( j F I ( v ) j � j F O ( v ) j ) � r ( v )] (4.1)

sub ject to r ( u ) � r ( v ) � c

uv

8 c ( u; v ) 2 C

L

u

� r ( u ) � J

u

8 u 2 V

An y solution to this LP will ha v e an initial state that is equiv alen t to the initial state in

the original circuit and will satisfy the target clo c k p erio d. The tec hniques of Section 3.2.4 can

b e applied to further reduce the size of the LP in Equation (4.1).

4.2.1 Obtaining the Justi�cation Bounds

W e will no w describ e a metho d for obtaining these new justi�cation upp er b ounds J

v

for

a gate v . The pro cedure consists of t w o steps: a justi�cation step, where an equiv alen t initial

state is found, and a b ound computation step, where the b ounds J

v

on eac h gate under that

equiv alen t initial state are calculated.

With ev ery FF w e asso ciate a three v alued (1,0,X) logic. W e de�ne c omp atibility as follo ws:

a logic v alue of 0 is compatible with b oth 0 and X, but logic v alues 0 and 1 are not compatible

with eac h other

1

. A gate can only b e retimed if it has FF's with compatible logic v alues at all

of its fanouts. A gate is retimed in the bac kw ard direction b y remo ving a FF from eac h of its

fanouts, and adding one to eac h of its inputs. A gate is called output-ready if it has a FF on

eac h of its fanouts and the logic v alue on eac h suc h FF is compatible with the v alues on the

others. The pro cedure main tains a list of gates that can b e retimed. A gate is tak en from the

list and retimed, and the list is up dated. As the gates are retimed, a pro cedure similar to the

one in Section 3.2.2 is used to compute the b ounds. The upp er b ounds, J

v

are obtained b y

mo ving FF's as far bac kw ards, as p ossible without violating the p erio d constrain ts. The coun t

of the FF's mo v ed across an y gate giv es its upp er b ound on the r v ariable of the gate.

Eac h time FF's are mo v ed from the outputs of a gate to its inputs, w e m ust assign logic

v alues to the new FF's added at the inputs. These logic v alues m ust b e equiv alen t to the original

v alue at the output of the gate in order to obtain a initial state retiming. This assignmen t,

in general, ma y not b e unique and is similar to the phase of justi�cation in the pro cess of

automatic test pattern generation [2 ]. W e classify these output ready gates in to the follo wing

t w o categories.

Unique Justi�cation If there is only a unique mapping of the logic v alue at the output to the

logic v alues at the inputs, then w e do not ha v e to mak e an y c hoices. These justi�cations

1

F or circuits with m ultiple t yp es of memory elemen ts that cannot b e com bined, compatibilit y can b e de�ned

similarly .



40

are main tained in a unique justi�cation queue, U. The follo wing cases are examples of

unique justi�cations:

� A single input gate suc h as in v erter or bu�er.

� A logic v alue of X at the output: in this case all inputs can b e assigned a logic v alue

of X.

� A logic v alue of 0 at the output of an OR (NAND) gate: in this case w e assign all

inputs to logic v alue 0 (1).

� A logic v alue of 1 at the output of an AND (NOR) gate: in this case w e assign all

inputs to logic v alue 1 (0).

Non unique Justi�cation If there are m ultiple mappings p ossible for the logic v alue at the

output to the logic v alues at the inputs, then w e m ust mak e a c hoice or a decision in this

case. These decisions are main tained in a decision queue, D. Since the solution to the

LP in Equation (4.1) dep ends on the set �

i

whic h in turn dep end on these decision w e

mak e here, w e ma y ha v e to revisit these decisions. The follo wing cases are examples of

non-unique justi�cations:

� A logic v alue of 1 at the output of an OR (NAND) gate: in this case w e assign an y

one input to logic v alue 1 (0) and the rest to logic v alue X.

� A logic v alue of 0 at the output of an AND (NOR) gate: in this case w e assign an y

one input to logic v alue 0 (1) and the rest to logic v alue X.

4.2.2 Searc hing for the Optimal Solution
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Figure 4.9 E�ect of justi�cation of on the n um b er of FF

Di�eren t justi�cation decisions ma y lead to a di�eren t n um b er of FF's obtained after

minarea retiming. As an example, consider the circuit sho wn in Figure 4.9(a), with a FF

with v alue 0 at the output of an AND gate, leading to t w o p ossible c hoices sho wn in Fig-

ures 4.9(b) and 4.9(c). The corresp onding decisions lead to retimed circuits with three and

t w o FF's, resp ectiv ely .
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Under non unique justi�cations, a n um b er of di�eren t allo w able justi�cations are p ossible.

Let us de�ne a set of one suc h p ossible justi�cation as �

i

. Eac h suc h �

i

will giv e us a set

(one for eac h gate) of justi�cation upp er b ounds �

i

= f J

i

v

j 8 v 2 V g that is used to solv e

the minarea LP . If the n um b er of FF's so obtained is not equal to the minarea lo w er b ound

�, w e m ust bac ktrac k and obtain another set of justi�cations �

j

that leads to a di�eren t

�

j

. This pro cess is rep eated un til w e either ac hiev e the minarea lo w er b ound �, or no more

justi�cations exist. Since a complete exploration will b e computationally exp ensiv e, one ma y

halt the exploration of the searc h space at an y time and tak e the b est solution obtained so far.

Th us the pro cess of minarea initial state retiming can b e giv en b y the follo wing pseudo co de.

The pro cedure returns the minarea retiming with an equiv alen t initial state.

1 Obtain minarea lower bound �

2 j = 0;

3 Best = 1 ;

4 while (true)

5 f

6 while (U 6= ; OR D 6= ; )

7 f

8 if (U 6= ; ) do unique justification

9 if (D 6= ; ) = do decision justification

10 g

11 /* This gives us a justification set �

j

. */

12 /* which corresponds to a set of justification upper bounds �

j

. */

13 Obj = lp solve( �

j

); /* solve LP in Equation (4.1) */

14 If(Obj == � ) return(Obj); /* lower bound obtained */

15 If(Best > Obj) Best = Obj; /* store best result */

16 B = backtrack( �

j

);

17 If(B == Infeasible) return(Best); /* all justifications explored */

18 g

The function backtrack c hanges the last decision that has a y et unexplored c hoice, and

is similar to one used in automatic test pattern generation (see for example [52 ]). The p erio d

constrain ts need b e generated only once during the en tire pro cedure since they do not dep end

on the justi�cation pro cess. This is helpful since the p erio d constrain t generation is a v ery

computationally in tensiv e pro cess.

The theoretical upp er b ound on the n um b er of p ossible justi�cation sets �

i

's in the w orst

case is j F F j �

Q

8 v 2 V

j F I ( v ) j , where j F I ( v ) j is the n um b er of fanins of the gate v , and j F F j is the

n um b er of FF's in the original circuit. This upp er b ound is due to the fact that in the w orst

case, eac h FF in the circuit ma y mo v e across ev ery gate and ev ery suc h mo v e ma y require
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a decision. This b ound is clearly exp onen tial and th us the problem of �nding all p ossible

justi�cation sets for a general circuit is NP-hard, as in the case of the justi�cation phase of

automatic test pattern generation [52 ].

Ho w ev er in practical circuits the n um b er of feasible justi�cations will b e m uc h less than

this theoretical upp er b ound due to the follo wing reasons

� As sho wn in Section 3.4 the mobilit y of FF's is v ery limited in practice and hence all

FF's cannot mo v e across all gates as assumed b y the theoretical b ound ab o v e.

� Due to con
icts at the gate fanouts the FF's ma y not b e able to mo v e to w ards the inputs

of that gate, and this further restricts the mobilit y of the FF's.

� Some FF's mo ving across gates ha v e unique justi�cations.

� Ev ery time a decision is made in case of a non unique justi�cation, all fanins but one are

assigned logic v alue X. This logical X mo v es bac kw ard through unique justi�cation un til

it is forced to a 0 or 1.

� As so on as the lo w er b ound of � is ac hiev ed w e do not need an y more justi�cation sets.

In our exp erimen tal results w e founds that in man y circuits this lo w er b ound is ac hiev ed

in the �rst few iterations.

� Only bac kw ard mo v es need justi�cation, while forw ard mo v es ha v e a unique mapping of

logic v alues and hence do not add to the n um b er of �

i

's.

B

G1

G2

a

b

0

0
A

Figure 4.10 An example of a pruning tec hnique

The n um b er of justi�cation sets can b e further reduced b y pruning sub optimal �

i

's. Con-

sider the circuit in Figure 4.10 with the logic v alues of FF A and FF B equal to 0. Since the

output of the AND gate G1 is at logic v alue 0 w e ha v e t w o p ossible mappings for the equiv alen t

v alues at the inputs a and b . Ho w ev er the c hoice of setting input a to X and input b to 0 is

b etter than the c hoice of a = 0 and b = X . This is b ecause in the presence of FF B with logic

v alue 0, the X on input b will b e forced to a 0, e�ectiv ely setting the c hoice to a = 0 and b = 0.

This is sub optimal to the c hoice of a = X and b = 0, since X on input a can mo v e further bac k

than a 0.
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4.3 Conditional FF sharing

The LP of Equation (2.7) in Section 2.1.4 assumes that a FF can b e com bined with an y

other FF, and hence is not applicable to minarea initial state retiming where FF's ha v e logic

v alues asso ciated with them, and a FF with logic v alue 1 can not b e shared with one that

has logic v alue 0. F or example, consider the circuit in Figure 2.1(a) with initial state v alues

as sho wn in Figure 4.11(a). With these initial v alues, the sharing giv en b y the mirror v ertex

mo del of Section 2.1.4 is sho wn in Figure 2.1(b); this is not v alid for the giv en initial v alues.

Instead, the maximal sharing is as sho wn in Figure 4.11(b) and requires a total of six FF's.

The reason is that only t w o FF's, sho wn in the dashed b o x in Figure 4.11(a), can b e shared.

The situation is further complicated b y the fact that t w o FF's can b e shared only if the FF's

at their fanins (if an y) are also shared. F or example, consider the circuit in Figure 4.11(b),

the FF's on output C and D cannot b e shared, although b oth ha v e an initial state v alue of 1,

b ecause their fanins are not shared.

1

0 1

0 1

(b)(a)

1

1 0 1

1 1

0 1

B

C

D

A
A

B

C

D

Figure 4.11 Conditional register sharing at m ultiple fanouts

Th us w e need a w a y to mo del the conditional sharing when FF's ha v e initial v alues asso-

ciated with them. This conditional sharing is also required for circuits ha ving more than one

t yp e of FF's that can not b e shared with eac h other. W e will no w presen t the mo di�cations

required to mo del the conditional sharing b y a 0/1-MILP form ulation. This mo di�cation is

used for all gates with con
icts at their fanouts, and for all other gates the simpler mo del of

Section 2.1.4 is used. This com bination k eeps the n um b er of in teger v ariables within a small

fraction of the total n um b er of v ariables. W e will �rst presen t the mo del and then illustrate it

through an example.

The justi�cation pro cess of Section 4.2 determines the logic v alues of all FF's that can

p ossibly b e retimed bac kw ards to arriv e at the fanout of a giv en gate. There is a sequence of

these \p ossible" FF's that ma y arriv e at ev ery fanout of ev ery gate, and p ossibly b e retimed

across the gate, or remain at the gate output; the �nal retiming ma y con tain only a subsequence

of this p ossible sequence. The logic v alues of these p ossible FF's at the fanouts of a gate u

are represen ted b y a table T

u

with j F O ( u ) j ro ws as sho wn in Figure 4.12. Since a maxim um

of J

v

FF's can b e mo v ed bac kw ards across gate v to its fanins, and w ( e

uv

) FF's already exist

b et w een gate u and gate v , the maxim um n um b er of FF's p ossible b et w een gate u and gate v
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Figure 4.12 An example of FF sharing

is J

v

+ w ( e

uv

). Therefore eac h ro w, v 2 F O ( u ), has J

v

+ w ( e

uv

) en tries, eac h of whic h is either

a 0 or a 1.

The v alue in the v

th

ro w and k

th

column of the table is denoted b y T

u

( v ; k ). W e de�ne a

sharing class

2

S

i

to con tain a set of v alues that can b e shared, and represen t the set of sharing

classes for the fanouts of gate u b y N

u

. Tw o v alues T

u

( p; q ) and T

u

( r ; s ) can b e shared (i.e.,

b elong to the same sharing class) only if q = s and T

u

( p; i ) = T

u

( r ; i ) for i = 0 ; � � � ; s � 1.

A function cl ass ( T

u

( v ; k )) giv es the index of the sharing class for en try ( v ; k ) in table T

u

,

e.g., S

cl ass ( T

u

( v ;k ))

is the sharing class con taining the k

th

FF b et w een gate u and its fanout v

(coun ting from u ). All the FF's in a sharing class can b e shared with eac h other, and hence

require only one ph ysical FF. Eac h sharing class S

i

is represen ted in the MILP b y a v ariable

�

i

2 f 0 ; 1 g . If �

i

= 1 in the optimal solution of the MILP , then the FF's of sharing class S

i

share a ph ysical FF and the sharing class S

i

is said to b e activ e. FF's mo v ed forw ard across

gate u to its fanouts can b e shared unconditionally and will b e handled later.

T o ensure that the k

th

FF retimed across gate v activ ates its o wn sharing class v ari-

able �

cl ass ( T

u

( v ;k ))

, w e require that the v ariable �

cl ass ( T

u

( v ;k ))

b e activ e b efore the v ariable

�

cl ass ( T

u

( v ;k +1))

. This is ac hiev ed b y adding the follo wing constrain t

�

cl ass ( T

u

( v ;k ))

� �

cl ass ( T

u

( v ;k +1))

8 v 2 F O ( u ) and 1 � k � J

v

+ w ( e

uv

) � 1

F or ev ery m ulti-fanout gate u w e also de�ne a in teger v ariable �

u

� 0, whic h mo dels the

forw ard retiming. This is required b ecause unlik e bac kw ard retiming, FF's in tro duced at the

fanouts b y forw ard retiming across gate u can b e unconditionally shared since all of them

ha v e the same logic v alue. Th us the � v ariables mo del the bac kw ard retiming and � mo dels

the forw ard retimings. Notice that this is di�eren t from the unconditional sharing mo del

of Section 2.1.4 where the mirror v ariable r ( m

u

) mo deled FF's mo v ed b y b oth forw ard and

bac kw ard retimings since all FF's could b e unconditionally shared. Requiring the � v ariables

to b e nonnegativ e, �

i

� 0 ensures that they mo del only forw ard (p ositiv e) retiming mo v es,

while the condition �

u

� 0, ensures that �

u

mo dels only bac kw ard (negativ e) retiming mo v es.

2

Sharing classes for circuits with di�eren t t yp es of FF's can b e de�ned similarly .
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4.3.1 Mo di�cations in the Ob jectiv e F unction

T o mo del the conditional sharing represen ted b y the sharing classes, the ob jectiv e function

term for a gate u that has a con
ict at its fanouts is mo di�ed to

( j F I

0

( u ) j � 1) � r ( u ) + �

u

+

P

i 2 N

u

�

i

(4.2)

This expression coun ts the n um b er of FF's that settle at the output of gate u after retiming

and the signi�cance of eac h term is as follo ws:

� The �rst term ( j F I

0

( u ) j � 1) � r ( u ) in Equation (4.2) mo dels the increase in the n um b er

of FF's when gate u is retimed b y one unit, and is similar to the mo del in [59 ]. As

earlier F I

0

( u ) is the set of fanins that ha v e only a single output, i.e., F I

0

( u ) = f v j v 2

F I ( u ) AN D j F O ( v ) j = 1 g . It assumes a shared cost of one at the fanouts of gate u for

an y set of FF's retimed in either direction across gate u . In forw ard retiming, all FF's

inserted at the outputs of a gate ha v e the same logic v alues, and therefore the shared cost

at fanouts of gate u in forw ard retiming is one. Since a gate can b e retimed bac kw ards

only if all FF's at its output ha v e the same logic v alues, the shared cost at the outputs

b efore retiming is also one, as mo deled b y this term. The b ound r ( u ) � J

u

, ensures that

no set of FF's, with shared cost greater than one, is ev er retimed bac kw ards across gate

u .

� The second term �

u

� 0 is a correction factor applied to correctly mo del the situation

in whic h a set of FF's mo v es forw ard across gate u and all its fanouts. It is activ e only

during forw ard retiming steps, and mo dels the n um b er of FF's mo v ed across the fanout

junction of gate u b y forw ard retiming. Since a negativ e v alue of �

u

denotes forw ard

retiming, it re
ects a cost sa ving in the ob jectiv e function.

� As men tioned earlier �

i

= 1 implies that the sharing class S

i

is activ e, therefore

P

8 i 2 N

u

�

i

denotes the n um b er of activ e sharing classes at the fanouts of gate u . Since eac h activ e

sharing class requires one FF, the n um b er of activ e sharing classes is also the n um b er

of ph ysical FF's required at the fanouts of gate u . The minimization of the ob jectiv e

function will force the maximal sharing at the outputs of gate u . The �rst FF in a

sharing class S

i

that arriv es at the fanout junction activ ates the sharing class v ariable

�

i

, incurring a cost of one in the ob jectiv e function. The remaining FF's in that sharing

class can then arriv e without incurring an y extra cost in the ob jectiv e function.

4.3.2 Additional Constrain ts

The n um b er of FF's b et w een gate u and its fanout v is giv en b y w

r

( e

uv

) = w ( e

uv

) +

r ( v ) � r ( u ). The cost of the FF's b et w een u and v is giv en b y

P

J

v

+ w ( e

uv

)

k =1

�

cl ass ( T

u

( v ;k ))

, out of

whic h r ( u ) FF's are remo v ed b y bac kw ard retiming across gate u and � �

u

FF's are remo v ed b y
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forw ard (negativ e) retiming across the fanouts. The conditional sharing of FF's is automatically

mo deled b y the sharing of the � v ariables amongst the fanouts. Since the cost of FF's should

b e same as the n um b er of actual FF's, w e get

w ( e

uv

) + r ( v ) � r ( u ) =

J

v

+ w ( e

uv

)

X

k =1

�

cl ass ( T

u

( v ;k ))

� r ( u ) + �

u

8 v 2 F O ( u ) (4.3)

whic h can b e rewritten as

w ( e

uv

) + r ( v ) = �

u

+

J

v

+ w ( e

uv

)

X

k =1

�

cl ass ( T

u

( v ;k ))

8 v 2 F O ( u ) (4.4)

Since the righ t hand side of Equation (4.4) is b eing minimized in the ob jectiv e function, w e

can relax the equalit y to the follo wing inequalit y

w ( e

uv

) + r ( v ) � �

u

+

J

v

+ w ( e

uv

)

X

k =1

�

cl ass ( T

u

( v ;k ))

8 v 2 F O ( u ) (4.5)

4.3.3 An Example

Consider the circuit with the sharing classes in its table of logic v alues, as sho wn in Fig-

ure 4.12. The MILP for this circuit is

M inimiz e : � r ( b ) � r ( c ) � r ( d ) + �

1

+ �

2

+ �

3

+ �

4

+ �

5

+ �

6

+ �

a

sub ject to r ( b ) � �

1

+ �

2

+ �

3

+ �

a

r ( c ) � �

1

+ �

4

+ �

a

r ( d ) � �

5

+ �

6

+ �

a

�

1

� �

2

� �

3

�

1

� �

4

; �

5

� �

6

�

a

� 0 ; �

i

2 f 0 ; 1 g 8 i

Bac kw ard Retiming: Supp ose w e w an t to mo del the sharing for r ( a ) = 0, r ( b ) = 3, r ( c ) = 1

and r ( d ) = 2. Then the optimal ob jectiv e function v alue of the ab o v e LP is -1, whic h giv es

the correct increase in the n um b er of FF's from the original circuit in Figure 4.13(a) to the

retimed circuit in Figure 4.13(b).

F orw ard retiming: No w supp ose w e w an t to mo del the sharing for r ( a ) = � 2, r ( b ) = � 2,

r ( c ) = � 1 and r ( d ) = � 1. Then the optimal ob jectiv e function v alue is 3, whic h is the

increase in the n um b er of FF's from the original circuit in Figure 4.14(a) to the retimed circuit

in Figure 4.14(b). As can b e seen one FF is shared for the edges e

ac

and e

ad

ev en though

they where not in the same sharing class. This is p ossible b ecause the FF's mo v ed forw ard

to the outputs of gate a hence they all ha v e same logic v alue without regard to the sharing

class whic h are de�ned for bac kw ard mo v emen ts. Th us these FF's can b e shared and our

form ulation correctly mo dels the cost.
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Figure 4.13 Example of p ositiv e retiming
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Figure 4.14 Example of negativ e retiming

4.3.4 FF Sharing with Don't Cares

Since ev ery non unique justi�cation decision generates an X, the actual problem of FF

sharing is to �nd the optimal sharing b et w een 0, 1 and X, FF's. The logic v alue X can

b e shared with either 0 or 1 and hence presen ts additional mo deling problems. P articularly

di�cult are the cases when X's are follo w ed b y 0's and 1's in a sequence, since the c hoice of

merging X with 0 or 1 in
uences sharing of the remaining sequence.

As an example consider the follo wing v alues at the output of a gate.

0 1

1 X

1 0

The X can only b e shared with 0 and hence should b e con v erted to 0. Ho w ev er it is not alw a ys

p ossible to uniquely determine the p ossible v alues a X ma y tak e. Consider the follo wing v alues

at the output of a gate.

Here the X ma y b e con v erted to either 0 or 1. If all 6 FF's arriv e, then it is b ene�cial to merge

X with 0; ho w ev er, if only the �rst X and 1 arriv e then X should b e merged with 1. The v alues

in the table sho w the FF's that can p oten tially arriv e at this junction b y rev erse retiming, but

not all of these FF's are required to arriv e at the junction. In fact, due to the constrain ts and

the ob jectiv e function an y com bination of these FF's ma y arriv e, and this mak es it di�cult

to mo del the sharing in presence of X's. T o a v oid this problem, w e con v ert all X's to either
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0 1

X 1

1 0

0 or 1. If the X can b e shared with only 0 (or a 1) then it is con v erted to a 0 (or a 1). F or

optimal solution b oth p ossibilities need to b e explored, ho w ev er, in our implemen tation w e use

a random assignmen t to con v ert X's to 0 or 1.

4.4 Exp erimen tal Results

W e implemen ted a initial state minarea retiming based on the presen tation in this c hapter.

Since obtaining an optimal solution requires complete exploration of the problem, it implies

generating all the p ossible justi�cation sets �

i

's, and solving the corresp onding LP's. Since this

is a NP-hard problem, it is not lik ely to b e computationally feasible. Hence, w e implemen t a

justi�cation algorithm that mak es random c hoices whenev er there is a non-unique justi�cation.

The LP is then solv ed for the corresp onding �

i

. If the lo w er b ound � is not ac hiev ed, then

w e p erform another random decision based justi�cation. This pro cess is rep eated un til either

the lo w er b ound is reac hed or a user sp eci�ed n um b er of iterations are p erformed, and the

b est solution found is rep orted. Although it ma y seem arbitrary to use random decisions,

our exp erimen tal results sho w that the algorithm giv es us go o d engineering solutions that are

close to the (p ossibly unac hiev able) lo w er b ound. Other p ossible stopping criteria could b e (a)

ha ving the b est result obtained so far b e within a giv en p ercen tage of the lo w er b ound, or (b)

obtaining no impro v emen ts in the b est solution for a giv en n um b er of iterations, etc. If there

are no gates with con
icts, then the LP is the dual of a net w ork 
o w mincost 
o w problem,

and is solv ed using a net w ork simplex algorithm of Section 3.3.3. If, ho w ev er, w e ha v e to solv e

the general MILP w e use the public domain MILP solv er, lp solve [6].

W e presen t results on the ISCAS89 [7] b enc hmark suite in T able 4.1. F or eac h circuit, w e

sho w the n um b er of gates j G j , the target clo c k p erio d P , and the lo w er b ound on the n um b er

of FF's obtained b y Minaret �. W e also sho w the minim um n um b er of FF's obtained with

equiv alen t initial state and the execution time T

exec

(in hours:min utes:seeconds) for all the

tasks including solving the LP for all iteration on a HP 9000/777 C110 w orkstation. In the

absence of initial state v alues for the b enc hmark circuits, w e presen t results for four di�eren t

initial state assignmen t. Case A has all FF's initialed to 0, while case B has all initialized to

1, case C and D are for random state assignmen ts. As can b e seen from the results, for man y

circuits the lo w er b ound is ac hiev ed in a small n um b er of iterations for almost an y initial state.

In fact, in almost all of these cases the lo w er b ound � is obtained in the �rst iteration itself. F or

some circuits the lo w er b ound w as not reac hed. This, ho w ev er, do es not imply that the solution

obtained is not optimal since the lo w er b ound is not alw a ys ac hiev able with equiv alen t initial

state. F or these circuits, w e rep ort the b est solution obtained in 50 (5 for s15850.1) iterations.
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T able 4.1 Minarea Initial State Retiming

Circuit j G j P � A B C D

#FF T

exec

#FF T

exec

#FF T

exec

#FF T

exec

s27 11 6.0 3 3 0.01s 3 0.00s 3 0.01s 3 0.00s

s208.1 105 10.0 8 8 0.02s 8 0.02s 8 0.03s 8 0.03

s298 120 6.0 22 22 0.40s 22 0.44s 22 0.44s 22 0.44s

s382 159 7.0 23 23 2.59s 23 4.34s 23 4.35s 23 4.45s

s386 169 11.0 6 6 0.04s 6 0.03s 6 0.04s 6 0.03s

s344 161 14.0 19 19 1.77s 19 1.79s 19 1.77s 19 1.82s

s349 162 14.0 19 19 1.62s 19 1.62s 19 1.69s 19 1.62s

s526n 195 6.0 30 30 0.95s 30 0.95s 30 2.75s 30 0.97s

s510 212 11.0 7 7 0.12s 7 0.12s 7 012s 7 0.12s

s420.1 219 12.0 17 17 0.07s 17 0.06s 17 0.07s 17 0.06s

s641 380 74.0 19 19 0.11s 19 0.43s 19 0.44s 19 0.43s

s713 394 74 19 19 0.18s 19 0.68s 19 0.68s 19 0.69s

s967 395 12.0 35 35 28.52s 35 27.21s 35 28.05s 35 27.27s

s938 447 16.0 33 33 1.45s 33 1.53s 33 1.49s 33 1.53s

s1196 530 24.0 18 18 0.08s 18 0.07s 18 0.08s 18 0.17s

s1238 5.09 22.0 18 18 0.08s 18 0.07s 18 0.56s 18 0.08s

s1423 658 53.0 76 76 8.77s 76 9.23s 76 8.89s 76 9.31s

s1488 654 16.0 7 7 0.11s 7 0.11s 7 0.12s 7 0.11s

s1494 648 16.0 7 7 0.13s 7 0.12s 7 0.13s 7 0.12s

s3330 1790 14.0 110 110 0.58s 110 0.56s 110 0.59s 110 0.56s

s5378 2780 21.0 173 173 3:18s 173 3:19s 173 3:18s 173 3:17s

s9234.1 3271 38.0 134 134 21:18s 134 21:19s 134 23:47s 134 21:15s

s635 287 66.0 35 42 22.6s 42 22.38s 35 1.08s 39 22.5s

s953 396 13.0 27 32 32:02s 32 27:35s 32 31:30s 32 27:2s

s1269 570 19.0 84 84 0.26s 85 1:33s 85 1:31s 85 1:4s

s1512 781 23.0 70 71 1:51:19s 72 1:52s 1s 72 1:56:23s 70 1:38s

s3271 1573 15.0 168 169 16:46s 173 16:5s 170 16:40s 173 16:29s

prolog 1602 13.0 122 124 16:40s 125 16:42s 125 16:39s 125 16:29s

s3384 1686 27.0 167 168 55:42s 169 1h3:18s 169 1:2:56s 169 51:3s

s15850.1 9618 63.0 525 544 3:9:56s 540 4:2:36s 542 3:57:7s 544 3:59:5s

The execution time of our metho d is considerably higher than the run times for con v en tional

minarea rep orted for Minaret, since here w e need to solv e p ossibly m ultiple MILP's, unlik e

Minaret whic h needs to solv e only one mincost 
o w problem. Ho w ev er note that in most cases

where the lo w er b ound is ac hiev ed the execution times are comparable to those of Minaret. In

the circuits where the lo w er b ound � is not ac hiev ed the solution rep orted b y our algorithm

is v ery close to � and therefore corresp onds to a go o d engineering solution. Since the optimal

n um b er of FF's in a circuit dep end on the initial state of the original circuit, some v ariation

in the n um b er of FF's and execution time is obtained for di�eren t initial states. F or s635,

s1269 and s1512 the lo w er b ound w as seen to b e ac hiev ed for only some initial states.
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4.5 Conclusion

W e ha v e presen ted a metho d to obtain minarea retiming of con trol logic sub ject to a giv en

target clo c k p erio d and an equiv alen t initial state. An y minarea retiming algorithm, that do es

not consider initial states will, in general, not giv e a solution with a v alid equiv alen t state and

hence cannot b e used for con trol logic, where initial states are imp ortan t. Our metho d, on

the other hand, will alw a ys result in a retimed circuit with an equiv alen t initial state, i.e., the

retimed circuit starting in the equiv alen t initial state will ha v e the same b eha vior as the original

circuit starting in its giv en initial state. Unlik e con v en tional minarea retiming algorithms our

approac h can b e used for p erformance constrained, area optimization of con trol circuits. This

approac h also has applications in minarea retiming of circuits that con tain di�eren t t yp es of

memory elemen ts that can not b e shared with eac h other, e.g. load enable registers.

W e pro vide a simple w a y to incorp orate the constrain ts for ensuring that the resulting

retiming has an equiv alen t initial state. This is ac hiev ed b y imp osing upp er b ounds on the

retiming v ariables so that an y retiming resp ecting those b ounds will ha v e an equiv alen t initial

state. This equiv alen t state can easily b e found after the retiming b y using the information

stored from the justi�cation phase. The tec hnique also utilizes a new approac h that incorp o-

rates conditional FF sharing, since the idea of mirror v ertices used b y Leiserson and Saxe to

mo del unconditional FF sharing [59 ] cannot b e extended to the initial state retiming problem.

The solution approac h searc hes the justi�cation space for the initial states and for eac h p ossible

justi�cation, solv es an LP . The exploration of the justi�cation space can b e stopp ed b y the

user at an y time, and it w as seen that for all circuits tested, go o d engineering solutions that

w ere close to a (p ossibly unac hiev able) lo w er b ound w ere found b y the tec hnique after a small

amoun t of exploration.

Minarea initial state retiming can also b e p erformed b y extending the approac h in [30 ]. In

this metho d con v en tional minarea retiming is p erformed �rst. If a con
ict o ccurs at a gate while

mo ving the FF's to obtain this retiming, then an appropriate b ound is placed on the retiming

v ariable of this gate, and the minarea retiming problem is solv ed again. This pro cedure is

rep eated un til no more con
icts are obtained. Th us the �nal circuit has an equiv alen t initial

state although it ma y require more FF's than the con v en tional minarea, since the extra b ounds

placed on the retiming v ariables to ensure equiv alen t initial states can increase the n um b er

of FF's in the optimal solution. This metho d can b e seen as a \dual" of our approac h, since

it starts from the lo w er b ound and tries to ac hiev e feasibilit y (equiv alen t initial state), while

in our approac h w e start with a feasible solution and try to ac hiev e optimalit y . Ho w ev er in

this approac h the initial state v alue on the FF's that can b e p ossibly retimed to the fanouts

of a gate is not kno wn b efore solving the minarea LP . Hence this approac h will not b e able to

mo del the conditional sharing, making the solution sub optimal.

The w ork in [122 ] sho w ed that bac kw ard retiming with equiv alen t initial states suc h as

the one in Figure 4.1 can alw a ys b e obtained if the reset signal is expressed explicitly . This,
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ho w ev er, requires the addition of a m ultiplexer b efore the FF and th us c hanges the path dela ys

in the circuit. This ma y cause the clo c k p erio d of the circuit to increase and is therefore not

considered here.
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5 RETIMING LEVEL-CLOCKED CIR CUITS

5.1 In tro duction

The memory elemen ts in a circuit can b e either edge-triggered, called 
ip-
ops (FF's) or

lev el-sensitiv e, called latches . Unlik e a FF, a latc h is transparen t during the activ e p erio d of

the clo c k. Ev en though the transparen t nature of latc hes mak es design and analysis of lev el-

clo c k ed circuits (circuits with lev el-sensitiv e latc hes) v ery complex, they are widely used for

high p erformance designs b ecause they o�er more 
exibilit y b oth in terms of the minim um

clo c k p erio d ac hiev able and the minim um n um b er of memory elemen ts required. Optimizing

lev el-clo c k ed circuits is therefore a complex but imp ortan t task, and there is a acute need of

go o d automation to ols. Sev eral e�orts ha v e b een made to retime circuits with lev el-sensitiv e

latc hes based on the Leiserson-Saxe approac h, e.g., [96 , 70 ]. Although these algorithms ha v e

p olynomial time complexit y , their high space and time requiremen t mak es them incapable of

handling circuits with ev en a few thousand gates, and the only published results are on circuits

with less than 400 gates. Our goal in this c hapter is to able to retime circuits with tens of

thousands of gates in reasonable time, and w e presen t results on circuits with up to 56,000

gates.

F or edge-triggered circuits (circuits with edge-triggered FF's) the dela ys through all com-

binational logic paths m ust b e less than the clo c k p erio d, hence w e m ust enforce timing con-

strain ts only b et w een FF's connected b y a purely com binational path. F or lev el-clo c k ed circuits

the dela y through a com binational logic path can b e longer than one clo c k cycle, as long as

it is comp ensated b y shorter path dela ys in the subsequen t cycles. T o ensure that the extra

dela y is comp ensated w e m ust enforce timing constrain ts b et w een a latc h and ev ery other latc h

reac hable from it (p ossibly through m ultiple latc hes). Consider a linear N stage pip eline with

N + 1 memory elemen ts ( m

0

; m

1

: : : m

N

). If these memory elemen ts are edge-triggered FF's,

then w e need only N timing constrain ts ( m

i

 m

i +1

; 0 � i � N ). Ho w ev er, if these mem-

ory elemen ts are lev el sensitiv e latc hes, then w e w ould need N � ( N + 1) = 2 timing constrain ts

( m

i

 m

j

8 j > i and 0 � i � N ). In presence of feedbac k paths, timing analysis of lev el-clo c k ed

circuits b ecomes ev en more complex.

These traditional metho ds [96 , 70 ] solv e the minp erio d retiming problem b y p erforming a

binary searc h o v er all p ossible clo c k p erio ds. A t eac h step of this binary searc h, the feasibilit y

of ac hieving the clo c k p erio d b y retiming is c hec k ed b y solving a single source shortest path
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problem using the Bellman-F ord algorithm on a constrain t graph. This constrain t graph con-

sists of j G j v ertices and edges b et w een ev ery pair of v ertices (where j G j is the n um b er of gates

in the circuit), and is obtained b y solving a all-pairs shortest path problem on the original

circuit graph. This graph has to b e reconstructed for ev ery binary searc h p oin t, b ecause as

sho wn in [70 , Section VI-A], unlik e edge-triggered circuits, critical paths in lev el-clo c k ed cir-

cuits can b e di�eren t for di�eren t clo c k p erio ds. Therefore the metho ds in [96 ] and [70 ] ha v e

O ( j G j

2

) space requiremen t and high (although p olynomial) time complexit y . This complexit y

of retiming lev el-clo c k ed circuits arises due to the transparen t nature of latc hes, whic h forces

us to consider constrain ts on paths going through m ultiple latc hes.

In this c hapter w e presen t a minp erio d retiming algorithm that is capable of retiming v ery

large m ulti-phase circuits with general clo c k sc hedules. This is ac hiev ed b y in tro ducing the

concept of Glob al Dep artur e Time (GDT) to map the minp erio d retiming problem to a sk ew

optimization problem and th us solving it m uc h lik e the simpler problem of retiming edge-

triggered circuit using the approac h of [109 ]. In eac h step of the binary searc h w e solv e the

single source shortest path problem on a m uc h smaller constrain t graph with only j 	 j v ertices,

where j 	 j is the n um b er of latc hes in the circuit. This constrain t graph con tains edges only

b et w een latc hes that ha v e a purely com binational path b et w een them, and therefore is m uc h

smaller and sparse as compared to the constrain t graph in traditional metho ds. Unlik e the

traditional metho ds that reconstruct the constrain t graph for ev ery binary searc h p oin t, w e

p erform a simple rew eigh ting of the edges. Once the minim um p erio d is obtained, the latc hes

are relo cated to obtain this minim um p erio d.

The minarea retiming problem can b e form ulated as a linear program (LP) [59 ]. This LP is

generated b y solving an all-pair shortest path problem, and has j G j v ariables and almost

j G j

2

2

constrain ts. This LP can b e solv ed e�cien tly b y solving its min-cost 
o w dual [59 ]. F or edge-

triggered circuits, the w ork in [115 ] presen ted an e�cien t tec hnique for pruning the n um b er

of constrain ts whic h also had the b ene�cial e�ect of reducing the computation in v olv ed in

generating these constrain ts. This w as ac hiev ed b y utilizing the observ ation that in edge-

triggered circuits, if a subpath satis�es the timing constrain ts, then an y path con taining this

subpath will also satisfy the timing constrain ts (unfortunately this is not true for lev el-clo c k ed

circuits due to the transparen t nature of latc hes). Section 3.3 builts on the idea and adds

e�cien t tec hniques to obtain b ounds on the v ariables of the LP for edge-triggered circuits.

These b ounds w ere used to further reduce the size of the LP and the time required to generate

it.

The concept of GDT presen ted in this c hapter mak es it p ossible for us to apply similar

tec hniques to generate b ounds on the v ariables in the minarea LP for lev el-clo c k ed circuits,

and to use it to reduce the size of this LP . Ho w ev er, due to the transparen t nature of latc hes,

unlik e edge-triggered circuits, the tec hniques of [115 ] and Minaret cannot b e used to reduce

the time required to generate the minarea LP in lev el-clo c k ed circuits. This presen ts a ma jor
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h urdle in retiming large lev el-clo c k ed circuits for minim um area, b ecause in the absence of an y

e�ciency-impro ving tec hniques, the minarea LP can not b e generated in an y reasonable time.

In this c hapter w e presen t new tec hniques for pruning the minarea LP for lev el-clo c k ed circuits,

and reducing the time required to generate it. Using the tec hniques presen ted in this c hapter,

the en tire ISCAS-89 b enc hmark suite could b e retimed for minim um p erio d in seconds, and

for minim um area in min utes.

The remainder of this c hapter is organized as follo ws. In Section 5.2, w e presen t some bac k-

ground material, after whic h in Section 5.3, w e discuss a relation b et w een retiming and clo c k

sk ew optimization for lev el-clo c k ed circuits. This relation is then utilized for e�cien t minim um

p erio d and minim um area retiming in Section 5.4 and Section 5.5 resp ectiv ely . Exp erimen tal

results are presen ted in Section 5.6, follo w ed b y concluding remarks in Section 5.7.

5.2 Bac kground

Consider the simple circuit in Figure 5.1 with unit dela y gates and a single-phase clo c king

sc heme with 50% dut y cycle. In this thesis w e will assume that the data signals are a v ailable

at the primary inputs at the falling edge of the clo c k, and m ust arriv e at the primary outputs

b efore the falling edge. F or an y latc h that is not a primary input or primary output, the

data ma y depart at an y time during the activ e p erio d of the clo c k. Under this assumption a

data signal in this circuit gets exactly t w o clo c k p erio ds to reac h the primary output from the

primary input.

A clo c k p erio d of 2.0 units is not feasible for the circuit in Figure 5.1. This is b ecause as

sho wn in the �gure the actual arriv al time (3.0 units) is one time unit later than the required

arriv al time (2.0 units). Hence the minim um clo c k p erio d at whic h this circuit can op erate

without an y mo di�cations is 3.0 units. Ho w ev er, a clo c k p erio d of 2.0 units can b e ac hiev ed

b y mo ving the latc h L1 across the gate G3. Notice that this is not the only p ossible lo cation

of memory elemen t L1 that can ac hiev e the clo c k p erio d of 2.0 units; placing latc h L1 at the

output of gate G1 also ac hiev es the same clo c k p erio d as sho wn in Figure 5.3. This is p ossible

b ecause of the transparen t nature of the latc hes whic h allo ws the data signal to depart from

the latc h at an y time during the activ e p erio d of the clo c k.

0 3 41 2
G1 G2

IN

G4

OUT

G3

L1
IN

L1

CLOCK

actual
required

Figure 5.1 An example circuit.
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L1
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0 3 41 2

G3 G4G1 G2

IN L1 OUT

Figure 5.2 Retiming for clo c k p erio d optimization.

IN

OUT

L1

CLOCK

0 3 41 2

G3 G4G1

IN OUT

G2

L1

Figure 5.3 Alternate retiming for clo c k p erio d optimization.

W e use the term right to denote the direction of the signal 
o w and left to indicate the

direction against the signal 
o w. Th us retiming a latc h b y mo ving it to the righ t across a

gate implies remo ving a latc h from eac h of the fanins of that gate and adding one to all of

the fanouts of that gate. Similarly retiming a latc h left across a gate implies remo ving a latc h

from eac h of its fanouts and adding one to eac h of the fanins. The set of latc hes in the giv en

circuit is denoted b y 	.

5.2.1 Clo c k Mo del

In this c hapter, w e ha v e adopted the clo c k mo del of Sak allah, Mudge and Oluk otun [107 ],

and w e describ e it here for completeness. A k -phase clo c k is a set of k p erio dic signals,

� = f �

1

: : : �

k

g where �

i

is referred to as phase i of the clo c k �. All of the �

i

's ha v e the

same clo c k p erio d T

�

, and eac h phase i has an activ e in terv al of duration T

�

i

and a passiv e

in terv al of duration ( T

�

� T

�

i

). Eac h latc h i 2 	 is clo c k ed b y exactly one phase of the clo c k

�, whic h is denoted b y p ( i ). The latc hes con trolled b y a clo c k phase are enabled during the

activ e in terv al and disabled during the passiv e in terv al. When the clo c k p erio d, T

�

, is c hanged,

the activ e in terv als of eac h phase are scaled prop ortionately . The term \clo c king sc heme" is

used to indicate the relativ e ratios and dut y cycles of the individual phases. Th us a clo c king

sc heme together with a clo c k p erio d T

�

, de�ne a \clo c k sc hedule" �.

Asso ciated with eac h phase i is a lo c al time zone , sho wn in Figure 5.4, suc h that the passiv e

in terv al starts at time 0, the enabling edge o ccurs at time ( T

�

� T

�

i

), and the latc hing edge
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o ccurs at time T

�

. Phases are ordered so that e

1

� e

2

: : : � e

k � 1

� e

k

= T

�

, and are n um b ered

mo dulo- k , i.e., �

k +1

= �

1

and �

1 � 1

= �

k

. There is also a global time reference and e

i

denotes

the time when the phase �

i

ends, relativ e to this global time reference.

- T )(T

Passive  Inverval Active Interval

T0
iF f

Latching EdgeEnabling Edge

F

fiphase

Figure 5.4 Phase i of a k -phase clo c k (all times in lo cal time zone).

A phase shift op erator E

i;j

, sho wn in Figure 5.5, is de�ned as follo ws:

E

i;j

=

(

( e

j

� e

i

) for i < j

( T

�

+ e

j

� e

i

) for i � j

(5.1)

Note that E

i;j

tak es on p ositiv e v alues, and when subtracted from a time p oin t in the curren t

time zone of �

i

, it c hanges the frame of reference to the next lo cal time zone of �

j

.

i
fphase

f jphase
e

T

T

i,j

f

f

e

j

i

i

j

E

Figure 5.5 The phase shift op erator.

5.2.2 Timing Constrain ts for Lev el-Clo c k ed Circuits

W e no w en umerate the set of timing constrain ts, that dictate the correct op eration of a

lev el-clo c k ed circuits. W e neglect to consider latc h setup and hold times here, since they can

b e incorp orated easily b y including the setup times in the path dela ys and the hold time in

the clo c k p erio ds.

Eac h latc h i also has an asso ciated latest arriv al time A

i

, and a latest departure time D

i

,

in its lo cal time zone. Due to the transparen t nature of the latc hes, a signal can depart from

a latc h i an y time during the activ e in terv al of the phase p ( i ), i.e.,

T

�

� T

�

p ( i )

� D

i

� T

�

Ho w ev er, a signal cannot depart from a latc h b efore it has arriv ed at that latc h, i.e.,

A

i

� D

i

The arriv al time at a latc h j of a signal departing from another latc h i connected b y a purely

com binational path (denoted as i , ! j ) of dela y d

ij

m ust satisfy the follo wing relation

D

i

+ d

ij

� E

p ( i ) ;p ( j )

) � A

j
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Com bining the ab o v e relations w e can obtain the timing constrain ts for prop erly clo c king

of lev el clo c k ed circuits, considering only long path constrain ts

1

as

D

i

+ d

ij

� E

p ( i ) ;p ( j )

� D

j

8 i , ! j j i; j 2 	

T

�

� T

p ( i )

� D

i

� T

�

8 i 2 	 (5.2)

5.3 Relation Bet w een Retiming and Sk ew

Clo c k sk ew at an y latc h is de�ned as the time b y whic h the clo c k is dela y ed in arriving at

the latc h, with resp ect to a �xed reference (the arriv al time of the clo c k at the primary inputs).

Clo c k sk ews ha v e traditionally b een considered to b e a liabilit y and v arious tec hniques to get

a sk ew-free clo c king net w ork ha v e b een prop osed [131 , 14, 24 ]. An alternativ e approac h views

clo c k sk ews as a manageable resource rather than a liabilit y , and in ten tionally in tro duces sk ews

to impro v e the p erformance of the circuit [31 ]. Consider the circuit in Figure 5.1 where the

clo c k p erio d of 2.0 units is not feasible since the actual arriv al time (3.0 units) is one time

unit after the required arriv al time (2.0 units). Ho w ev er, as sho wn in Figure 5.6 if a sk ew of

+1.0 unit is applied to the clo c k at latc h L1, the required arriv al time at latc h L1 b ecomes 3.0

time units, and the data is prop erly clo c k ed at latc h L1. The circuit can no w run with a clo c k

p erio d of 2.0 units. Th us clo c k sk ews can b e used to impro v e the p erformance of a circuit.

G1 G2

IN

G4

OUT

G3

L1
IN

OUT

L1

DelayClk

CLOCK

0 3 41 2

Figure 5.6 Using clo c k sk ew to reduce clo c k p erio d.

T o deriv e timing constrain ts in presence of sk ews w e no w augmen t the Sak allah-Mudge-

Oluk otun mo del with our o wn notation. W e asso ciate a sk ew S

i

with ev ery latc h i 2 	.

Note that the sk ew v alues here are not ph ysical sk ews to b e applied to the �nal circuit, but

conceptual ideas that will ev en tually help us to ac hiev e a retiming solution. Therefore no

restrictions are placed on the v alue of S

i

, i.e. �1 � S

i

� 1 .

W e de�ne a latch shift op erator L

i;j

, sho wn in Figure 5.7, m uc h lik e the phase shift op erator.

This op erator con v erts time from the lo cal time zone of latc h i to the lo cal time zone of latc h

1

W e do not consider short path constrain ts here, and rely on Theorem 1 in [70 ], whic h assures us that for

v alid clo c k sc hedules [70 ], there will b e no short path violations. In this thesis w e consider only v alid clo c k

sc hedules.
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Sj

Si

Tf p(j)

Tf p(i)

i,jL

ep(j)

p(i)e+iS

jS+

Figure 5.7 The latc h shift op erator.

j , taking in to accoun t their sk ews. It is de�ned as

L

i;j

=

(

( S

j

+ e

p ( j )

) � ( S

i

+ e

p ( i )

) for i < j

T

�

+ ( S

j

+ e

p ( j )

) � ( S

i

+ e

p ( i )

) for i � j

whic h can b e rewritten in terms of the phase shift op erator as

L

i;j

= ( S

j

� S

i

) + E

p ( i ) ;p ( j )

(5.3)

In presence of sk ews at latc hes, the timing constrain ts in relation (5.2), m ust b e mo di�ed b y

using the latc h shift op erator instead of the phase shift op erator. Th us the timing constrain ts

for a lev el clo c k ed circuit to b e prop erly clo c k ed b y a clo c k sc hedule �, in presence of sk ews

are

D

i

+ d

ij

� L

i;j

� D

j

8 i , ! j j i; j 2 	

T

�

� T

p ( i )

� D

i

� T

�

8 i 2 	

These timing constrain ts can b e rewritten as

( S

i

+ D

i

) + d

ij

� E

p ( i ) ;p ( j )

� ( S

j

+ D

j

) 8 i , ! j j i; j 2 	

T

�

� T

p ( i )

� D

i

� T

�

8 i 2 	

�1 � S

i

� 1 8 i 2 	

T o mak e the discussion simpler w e subtract T

�

from b oth sides of the �rst relation, and

substitute

X

i

= ( S

i

+ D

i

� T

�

) (5.4)

W e refer to X

i

as the Glob al Dep artur e Time (GDT). This giv es us

X

i

+ d

ij

� E

p ( i ) ;P ( j )

� X

j

8 i , ! j j i; j 2 	

�1 � X

i

� 1 8 i 2 	

These can b e written as the follo wing set of di�erence constrain ts.

X

i

� X

j

� E

p ( i ) ;p ( j )

� d

ij

8 i , ! j j i; j 2 	 (5.5)

�1 � X

i

� 1 8 i 2 	
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As sho wn earlier, b oth sk ew and retiming can mo dify the circuit in Figure 5.1 to op erate

at a faster clo c k p erio d of 2.0 units. In fact, b oth ac hiev e this ob jectiv e b y the same basic

principle of b orro wing time from one cycle and lending it to another. Therefore retiming and

sk ew optimization can b e considered to b e related to eac h other. A formal presen tation of this

relationship is giv en in [109 ], for edge triggered FF's. A FF can b e conceptualized as a lev el

sensitiv e latc h with a v ery small activ e in terv al.

The ph ysical meaning of GDT is as follo ws. If w e can apply arbitrary sk ews at latc hes, w e

can adjust the sk ew, S

i

, of a latc h so as to force D

i

= T

�

, whic h is same as a negativ e edge

triggered FF. Since X

i

= S

i

+ D

i

� T

�

, setting D

i

= T

�

giv es S

i

= X

i

. Hence, w e can lo ok at

X

i

for latc hes in the same w a y as w e lo ok at sk ews for FF's.

The di�erence constrain t b et w een GDT v alues of t w o latc hes giv en in relation (5.5) is

similar to the di�erence constrain ts b et w een sk ews at FF's in [109 ]. Therefore w e suggest a

relation b et w een retiming and GDT v alues of lev el-sensitiv e latc hes, similar to the one giv en

in [109 ] b et w een retiming and sk ews for edge triggered FF's. This relation will allo w us to

dev elop e�cien t tec hniques for retiming lev el-clo c k ed circuits. W e no w state a theorem similar

to Theorem 1 in [109 ]; the pro of of this theorem is similar to the one giv en in [109 ].

Theorem 2 In a level-clo cke d cir cuit, r etiming a latch by moving it to the right [left] acr oss

a gate with delay d

1

is e quivalent to incr e asing [de cr e asing] its GDT by d

1

.

Tf i

Tf i

Tf i

TF Tf iD i = -'

TFD i
 =

Si
' = 0

Tf i

Tf i

Tf i

(a)

(b)
' = -X

X i
 =

Si =-

-

Figure 5.8 The abilit y of a latc h to absorb some sk ew.

Note that in realit y , w e are not comp elled to set D

i

= T

�

, and that w e can reduce D

i

b y as m uc h as T

�

i

and increase S

i

b y the same amoun t, while k eeping X

i

constan t. Since

only GDT's ( X

i

's) app ear in the timing constrain t of relation (5.5), k eeping them constan t

k eeps the clo c k p erio d constan t. Consider Figure 5.8 (a) where S

i

= � T

�

i

and D

i

= T

�

, th us

X

i

= � T

�

i

. W e can increase the sk ew to zero ( S

0

i

= 0), without c hanging the GDT as sho wn in

Figure 5.8 (b), b y reducing the departure time b y the same amoun t D

0

i

= T

�

� T

�

i

, lea ving the

GDT unc hanged ( X

0

i

= X

i

= � T

�

i

). Therefore, w e can absorb a sk ew of up to � T

�

i

in the D

i

without violating the long path constrain t. Th us a GDT v alue b et w een � T

�

i

and 0 is allo w ed

and this range will b e referred to as the allo w able range. If di�eren t phases ha v e di�eren t

activ e in terv al then this allo w able GDT range of a latc h will dep end on its phase. Therefore
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in our mo del, lev el-sensitiv e latc hes can b e conceptualized as FF's that ha v e the capacit y to

absorb some sk ew.

A t this time, w e also note the relation b et w een the GDT, X

i

, of a latc h i and the corre-

sp onding minim um magnitude sk ew, S

i

:

S

i

=

8

>

>

<

>

>

:

X

i

if X

i

� 0

0 if � T

�

i

� X

i

� 0

X

i

+ T

�

i

if � T

�

i

> X

i

(5.6)

5.4 Minim um P erio d Retiming

Giv en a circuit and a clo c king sc heme, minim um p erio d (minp erio d) retiming �nds the

minim um p ossible clo c k p erio d T

�

, for whic h there exists a retimed circuit that will b e prop erly

clo c k ed b y � (the clo c k sc hedule for the giv en clo c king sc heme and clo c k p erio d T

�

), and the

retiming that mak es this clo c k sc hedule p ossible. As men tioned in Section 5.1, the traditional

tec hniques of [96 , 70 ] are unable to handle large lev el-clo c k ed circuits in a reasonable time. W e

utilize the relationship b et w een GDT and retiming presen ted in Section 5.3 to map the problem

of retiming lev el-clo c k ed circuits for minim um p erio d to the simpler problem of retiming edge-

triggered circuits for minim um p erio d as solv ed in [109 ]. This mapping motiv ates the follo wing

t w o-phase metho d of retiming for minim um clo c k p erio d under a giv en clo c king sc heme.

Phase A: Find the minim um clo c k p erio d and a set of GDT v alues that will ac hiev e this

p erio d.

Phase B: Relo cate latc hes across gates to get all the GDT v alues to b e within allo w able

range.

As men tioned later in Section 5.4.1, in Phase A of this metho d w e construct a small and

sparse graph only once, unlik e the traditional metho ds [96 , 70 ] whic h construct m ultiple large

and dense graphs. In Phase B w e p erform fast lo cal transforms to obtain the retiming solution.

Therefore using this t w o phase metho d w e can retime large lev el-clo c k ed circuits v ery e�cien tly .

As in [109 ] it m ust b e noted that since gate dela ys tak e on discrete v alues, it cannot b e

guaran teed that the GDT at ev ery latc h can b e reduced to b e within the allo w able range

through retiming op erations. After the GDT v alues ha v e b een reduced as m uc h as p ossible,

the retimed circuit ma y b e implemen ted either b y applying the requisite (remaining) sk ews

at a latc h (to get the optimal clo c k p erio d ac hiev able b y sk ew optimization), or b y setting all

sk ews to zero to get a clo c k p erio d that is, as will b e sho wn in Section 5.4.4, no more than a

�xed b ound ab o v e the optimal p erio d with sk ews. Note, ho w ev er, that this is not necessarily

sub optimal since the minim um clo c k p erio d using sk ews ma y not b e ac hiev able using retiming

alone, since retiming allo ws cycle-b orro wing only in discrete amoun ts (corresp onding to gate

dela ys), while sk ew is a con tin uous cycle-b orro wing optimization [31 ]. As will b e sho wn in
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Section 5.4.4, if the maxim um gate dela y is less than the least T

�

i

, w e can alw a ys ac hiev e the

optimal sk ew optimization p erio d b y retiming alone.

W e �rst describ e the t w o phases of minp erio d retiming, follo w ed b y the sp ecial case of

retiming a circuit for a giv en clo c k p erio d. W e then presen t the b ound on the di�erence

b et w een the optimal sk ew optimization p erio d and the clo c k p erio d obtained b y our metho d.

5.4.1 Phase A: Clo c k P erio d Optimization

The problem of minimizing the clo c k p erio d, T

�

, for a giv en clo c king sc heme can b e repre-

sen ted as the follo wing linear program:

minimize T

�

sub ject to X

i

� X

j

� E

p ( i ) ;p ( j )

� d

ij

i , ! j j i; j 2 	 (5.7)

Solving the ab o v e linear program w e obtain the minim um clo c k p erio d and the GDT's

corresp ond to it. Our strategy is to transform the GDT solution to a retiming solution to

ac hiev e the minim um clo c k p erio d.

F or a giv en circuit, d

ij

is constan t and for a giv en clo c k sc hedule that has a �xed T

�

, E

p ( i ) ;p ( j )

is constan t. Therefore, the constrain t matrix reduces to a system of di�erence constrain ts. A

feasible solution to the constrain t matrix exists if the corresp onding constrain t graph con tains

no p ositiv e cycles [17 ]. Th us w e can solv e the, linear program b y p erforming a binary searc h

on the clo c k p erio d T

�

. The minim um clo c k p erio d corresp onds to the smallest v alue of T

�

at

whic h no p ositiv e cycle exists.

The constrain t graph has a v ertex for eac h latc h in the circuit and one for the host no de

represen ting the primary inputs and outputs. There is a edge ( i; j ) from v ertex i to v ertex j

if there is a purely com binational path from latc h i to latc h j . The w eigh t on this edge is a

function of the clo c k p erio d T

�

and is giv en b y d

ij

� E

p ( i ) ;p ( j )

. The Bellman F ord algorithm [17 ]

is applied as in [109 ] using the same sp eedup tec hniques whic h pro vide a fast implemen tation.

The GDT's at all primary inputs and primary outputs are assumed to b e zero. The v alues of

d

ij

's are obtained e�cien tly b y using the metho d in [108 ].

Notice that n um b er of v ariables in this constrain t graph is equal to the n um b er of latc hes

j 	 j in the circuit, and the constrain ts are only b et w een latc hes with a purely com binational

path b et w een them. Therefore this constrain t graph is m uc h smaller and sparse as compared

to the traditional constrain t graphs of [96 , 70 ], whic h ha v e one v ariable for ev ery gate and

constrain ts to all reac hable gates. F urther unlik e the traditional metho ds of [96 , 70 ], whic h

need to construct the larger and denser constrain t graph for ev ery binary searc h p oin t (b y

solving an all-pair shortest path problem), our constrain t graph needs to b e constructed only

once. A t eac h p oin t in the binary searc h the constrain t graph can b e obtained b y a simple

rew eigh ting of the graph edges. Therefore the complexit y of this binary searc h is m uc h less

than that of the traditional metho ds.
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This optimal clo c k p erio d with sk ews is called P

s

, and it is same as the maxim um dela y-to-

register ratio of [93 ]. Both are lo w er b ounds on clo c k p erio d obtainable via retiming. Ho w ev er,

instead of using it, just as a lo w er b ound (as in [93 ]), w e use it to obtain the amoun t b y whic h

eac h latc h is required to mo v e in order to satisfy the clo c k p erio d. This amoun t is then used

to obtain a retiming solution as describ ed next.

5.4.2 Phase B: GDT Minimization

In Phase B, w e reduce the GDT v alues obtained in Phase A b y applying retiming trans-

formations using Theorem 2. This pro cedure relo cates the latc hes with nonzero GDT's across

logic gates, while main taining the optimal clo c k p erio d previously found. Because of the free-

dom pro vided to D

i

b y the activ e in terv al of clo c k phase p ( i ) (whic h allo ws D

i

to b e set to an y

v alue b et w een T

�

� T

�

p ( i )

and T

�

), S

i

= 0 can b e ac hiev ed if � T

�

p ( i )

� X

i

� 0. If S

i

cannot

b e set to zero, w e try to bring X

i

as close to 0 or � T

�

p ( i )

as p ossible so as to minimize the

magnitude of the �nal sk ew S

i

.

Although the metho d for FF relo cation presen ted in [109 ] can b e mo di�ed to w ork for

latc hes, w e presen t a equiv alen t y et conceptually simpler metho d of GDT minimization b y

latc h relo cation. A gate can b e retimed in forw ard [bac kw ard] direction if it has latc hes on

all of its inputs [outputs], this retiming will result in remo ving one latc h from all its inputs

[outputs] and adding one latc h to all its outputs [inputs].

W e main tain t w o sets one for the gates that are to b e forw ard retimed and one for the

gates that are to b e bac kw ard retimed. The forw ard retiming set F is initialized to con tain all

gates that ha v e at least one latc h on all their inputs. Similarly the bac kw ard retiming set B is

initialized with gates that ha v e at least one latc h on all their outputs. W e than pro cess these

sets b y taking a gate from the set and retiming it, if the sk ew on the latc hes can b e reduced

b y this retiming. After ev ery retiming the sets are up dated. The pseudo co de for this is giv en

b elo w as the function retime() b elo w:

retime()

f

F = f v j v 2 V and w ( e

uv

) � 1 8 u 2 F I ( v ) g /* initialize F */

B = f v j v 2 V and w ( e

v u

) � 1 8 u 2 F O ( v ) g /* initialize B */

while( 9 u 2 F ) do forward retime( u; F );

while( 9 u 2 B ) do backward retime( u; B );

g

The functions forward retime(gate,set) and backward retime(gate,set) retime the

gate if needed, and up date the resp ectiv e sets, their pseudo co de is giv en b elo w.

forward retime( v ; F )
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f

F  F � v ; /* remove gate v from F */

X

i

= maximum GDT at the inputs of gate v ;

X

0

i

= X

i

+ d ( v ) ;

S

i

= GDT to skew( X

i

);

S

0

i

= GDT to skew( X

0

i

);

if ( j S

0

i

j < j S

i

j ) do

f /* retime gate v */

for 8 u 2 F I ( v ) do f w ( e

uv

)  w ( e

uv

) � 1 g ;

/* delete a latch from each input */

for 8 u 2 F O ( v ) do f w ( e

v u

)  w ( e

v u

) + 1 g ;

/* add a latch with GDT = X

0

i

on all outputs */

for 8 u 2 F O ( v ) do

if ( w ( e

w u

) � 1 8 w 2 F I ( u ) ) do F  F [ u ; /* update F */

g

g

backward retime( v ; B )

f

B  B � v ; /* remove gate v from B */

X

i

= minimum GDT at the outputs of gate v ;

X

0

i

= X

i

� d ( v ) ;

S

i

= GDT to skew( X

i

);

S

0

i

= GDT to skew( X

0

i

);

if ( j S

0

i

j < j S

i

j ) do

f /* retime gate v */

for 8 u 2 F O ( v ) do f w ( e

v u

)  w ( e

v u

) � 1 g ;

/* delete a latch from each output */

for 8 u 2 F I ( v ) do f w ( e

uv

)  w ( e

uv

) + 1 g ;

/* add a latch with GDT = X

0

i

on all inputs */

for 8 u 2 F I ( v ) do

if ( w ( e

uw

) � 1 8 w 2 F O ( u ) ) do B  B [ u ; /* update B */

g

g

The function GDT to skew(GDT) con v erts a GDT v alue to the corresp onding minim um

magnitude sk ew using relation (5.6). F or forw ard retiming of a gate v the e�ectiv e GDT

b efore retiming, X

i

is giv en b y the maxim um GDT at its inputs, while the e�ectiv e GDT after
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retiming X

0

i

is giv en b y X

0

i

= X

i

+ d ( v ). F or bac kw ard retiming the e�ectiv e GDT b efore

retiming X

i

is giv en b y the minim um GDT at its outputs, and the GDT after retiming X

0

i

is

giv en b y X

0

i

= X

i

� d ( u ). In either case the gate is retimed only if magnitude of the e�ectiv e

sk ew after retiming S

0

i

is less than the magnitude of the e�ectiv e sk ew b efore retiming S

i

. As

men tioned earlier a gate v is forw ard [bac kw ard] retimed b y remo ving a latc h from eac h of its

inputs [outputs] and adding a latc h with GDT X

0

i

to all its outputs [inputs]. If after forw ard

[bac kw ard] retiming a gate v , an y of its fanout [fanin] gate w no w has at least one latc h on all

its fanins [fanouts], then w e add gate w to the forw ard [bac kw ard] set F [ B ].

Retiming a latc h forw ard across a gate u a�ects the edge w eigh ts on only its o wn fanouts

and not the edge w eigh ts on fanouts of an y other gate. Therefore forw ard retiming a gate u

cannot enable the bac kw ard retiming of an y other gate that could not b e previously retimed in

the bac kw ard direction. Since w e forw ard retime a gate u only if the e�ectiv e sk ew magnitude

reduces b y this retiming, and not if it remains the same, a gate u cannot b e bac kw ard retimed

after it has b een forw ard retimed once (ev en though it ma y ha v e latc hes on all its fanouts),

b ecause this bac kw ard retiming will increase the sk ew magnitude. Therefore a gate can nev er

b e retimed in b oth the forw ard and bac kw ard direction. Th us forw ard retimings ha v e no e�ect

on bac kw ard retimings and b oth t yp es of retimings can b e carried out indep enden tly . Due to

this reason w e do ha v e to pro cess the forw ard set again after it has b een pro cessed once.

5.4.3 Retiming for a T arget P erio d

Retiming a circuit for a giv en target clo c k p erio d is a sp ecial case of the minp erio d retiming

problem. In this problem w e are giv en a circuit and a clo c k sc hedule � that has a �xed T

�

. If

the giv en clo c k sc hedule is feasible, the metho d should return a retimed circuit that is prop erly

clo c k ed. If the clo c k sc hedule is not feasible the metho d should indicate so. F or this problem

w e do not need to p erform the binary searc h in Phase A. The constrain t graph is constructed

as earlier and the Bellman-F ord algorithm is applied on it to obtain the set of required GDT's.

If the Bellman-F ord algorithm detects a p ositiv e cycle the clo c k sc heme is not feasible, and is

rep orted as suc h, otherwise Phase B is p erformed.

Due to the 
exibilit y in the non-critical part of the circuit, and the transparen t nature

of the latc hes, retiming for a giv en clo c k p erio d is not unique, and di�eren t retimed circuits

can b e obtained all of whic h satisfy the target clo c k p erio d. As an example for the circuit in

Figure 5.1, t w o di�eren t retimings are sho wn in Figure 5.2 and Figure 5.3 for the same target

clo c k p erio d of 2.0 units. Our ob jectiv e in minp erio d retiming is to �nd one of these p ossible

solutions e�cien tly , with as few retiming mo v es as p ossible. As in [109 ], w e initialize the GDT's

to 0 in the Bellman-F ord algorithm, and tak e adv an tage of the slac ks to minimize the n um b er

of mo v es. F or minp erio d retiming of the circuit in Figure 5.1, our metho d will generate the

circuit in Figure 5.2, since it requires less latc h motions than the circuit in Figure 5.3.
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5.4.3.1 The ALAP and ASAP Retimings

Out of the set of all p ossible retimings for the giv en clo c k sc heme, t w o are of particular

in terest. W e can obtain a retiming suc h that all latc hes mo v e as far as p ossible to the left.

This is called \as so on as p ossible (ASAP)" retiming. Similarly , the retiming that mo v es all

the latc hes as far as p ossible to the righ t is referred to as the \as late as p ossible (ALAP)"

retiming. Both ASAP and ALAP retiming assume no latc h is mo v ed across the host no de ( H ).

As in Section 3.3 these ASAP and the ALAP lo cations can b e seen as the extreme lo cations of

latc hes in the circuit for the giv en clo c k sc heme, and will b e utilized, in Section 5.5 for e�cien t

minarea retiming. F or the circuit in Figure 5.1 the ALAP and ASAP retimings are sho wn in

Figure 5.2 and Figure 5.3 resp ectiv ely . As in Section 3.2.2 these ASAP and ALAP retimings

can b e obtained b y mo difying the minp erio d retiming algorithm.

Unlik e retiming for a giv en p erio d, in ALAP retiming, our ob jectiv e is to mo v e the latc hes

to the righ t, as m uc h as p ossible. F or this w e initialize all GDT's to �1 , b efore applying the

longest path Bellman-F ord algorithm to the constrain t graph. In Phase B w e use the allo w able

range of GDT's to mo v e a latc h to the righ t as m uc h as p ossible, i.e., if the new GDT after

mo ving a latc h to the righ t is still within the allo w able range, w e mo v e the latc h to the righ t.

Notice that this is done ev en if the original GDT w as within the allo w able range.

In ASAP retiming w e obtain the GDT's b y running the Bellman-F ord algorithm on the

transp ose[17 ] of the original constrain t graph (i.e., a graph with the same v ertex set as the

original graph, but with the edge directions rev ersed) with all latc hes initialized to �1 . Since

all the edge directions where rev ersed the longest path v alues for all latc hes m ust undergo a

sign rev ersal to obtain the correct GDT v alues.

5.4.4 A Bound on the Clo c k P erio d of the Retimed Circuit

Theorem 3 A t the end of the r etiming pr o c e dur e in Phase B, the magnitude of skew at e ach

latch i , is no mor e than




p ( i )

= max

 

0 ;

M � T

�

p ( i )

2

!

(5.8)

wher e M is the maximum delay of any gate in the cir cuit.

Pro of: W e ha v e t w o cases

Case A : M � T

�

p ( i )

If the maxim um gate dela y is less than the activ e duration of the

clo c k, w e need to pro v e that at the end of Phase B, all latc hes will ha v e zero sk ew.

W e will pro v e this b y con tradiction, assuming that a latc h i has nonzero sk ew S

i

at

the end of Phase B. W e ha v e t w o sub cases.

Case 1: S

i

> 0 In this case the GDT of latc h i is X

i

= S

i

. The new GDT of the

latc h after it is mo v ed left across a gate of dela y d

1

is giv en b y X

0

i

= X

i

� d

1

.
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Since d

1

� M � T

�

p ( i )

w e ha v e X

0

i

� � T

�

p ( i )

, th us the e�ectiv e sk ew S

0

i

after

this p ossible mo v e is either zero (if T

�

p ( i )

� X

0

i

� 0), or j S

0

i

j < j S

i

j . In either

case the latc h i can b e mo v ed left across the gate and ha v e its sk ew reduced.

This con tradicts the assumption that Phase B is complete.

Case 2: S

i

< 0 If S

i

< 0 then the GDT of latc h i is negativ e, i.e., X

i

= S

i

� T

�

p ( i )

,

and the pro of is similar to case 1.

X i
X i

Tf p(i)

i|S |i|S |

'

'

d1

Figure 5.9 W orst-case situation for remaining sk ew.

Case B: M > T

�

p ( i )

If the maxim um gate dela y is more than the activ e duration of

the clo c k, w e need to pro v e that for an y latc h i , at the end of Phase B the sk ew

magnitude is less than 


p ( i )

. Phase B is complete only when for ev ery latc h i w e

ha v e j S

0

i

j � j S

i

j , where S

i

is the curren t sk ew and S

0

i

is the sk ew after a p ossible

mo v e across a gate with dela y d

1

. As sho wn in Figure 5.9 the largest p ossible �nal

sk ew magnitude corresp onds to the situation when j S

i

j = j S

0

i

j . In this case w e ha v e

d

1

= 2 � j S

i

j + T

�

p ( i )

and hence j S

i

j �

d

1

� T

�

p ( i )

2

. Since M is the maxim um gate dela y

this implies that j S

i

j �

M � T

�

p ( i )

2

.

Theorem 4 If, in a k phase cir cuit at the end of the r etiming pr o c e dur e al l skews ar e set to

zer o, then the �nal clo ck p erio d ( P

r

) satis�es the fol lowing c ondition

P

r

� P

s

+

k

X

i =1

max(0 ; M � T

�

i

)

wher e P

s

is the optimal clo ck p erio d with skews found in Phase A, and M is the maximum

delay of any gate in the cir cuit.

Pro of : Eac h di�erence constrain t for the optimal clo c k p erio d (with sk ews) is of the form

X

i

� X

j

� E

p ( i ) ;p ( j )

� d

ij

:

Theorem 3 guaran tees us that at the end of Phase B j X

i

j and j X

j

j are within 


p ( i )

and




p ( j )

of their optimal v alues resp ectiv ely . Therefore the actual v alue of X

i

� X

j

after

Phase B m ust lie within ( 


p ( i )

+ 


p ( j )

) of the required v alue of X

i

� X

j

in Phase A.
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This implies that the inequalit y that de�nes the di�erence constrain t can b e main tain b y

increasing E

p ( i ) ;p ( j )

b y no more than ( 


p ( i )

+ 


p ( j )

). Since eac h E

i;j

increases b y no more

than ( 


p ( i )

+ 


p ( i )

), the clo c k p erio d T

�

=

P

k

i =1

E

p ( i ) ;p ( j )

will increase b y no more than

P

k

i =1

(2 � 


i

) or

P

k

i =1

max(0 ; M � T

�

i

).

5.5 Minim um Area Retiming

Although the minp erio d retiming algorithms can ac hiev e signi�can t impro v emen t in the

clo c k p erio d, they pa y no regard to the n um b er of latc hes in the circuit. As a result min-

p erio d retiming can signi�can tly increase the n um b er of latc hes in the circuit, and hence the

circuit area and p o w er. T o con tain this increase, w e p erform constrained minarea retiming.

P erforming a constrained minarea retiming with the target p erio d set to the p erio d obtained

b y minp erio d retiming, will giv e us the fastest circuit with least area o v erhead.

The minarea retiming problem can b e mo deled as a LP [59 ]. Unfortunately , under general

clo c k sc hedules with unequal phases, the minarea retiming problem m ust b e mo deled as a

general in teger linear program of the t yp e giv en in [67 ], while restricting the clo c k sc heme

to a symmetric m ulti-phase clo c k enables us to mo del the minarea retiming problem as an

e�cien tly solv able LP (dual of min-cost 
o w problem) [96 ]. Therefore in this thesis w e will

consider only symmetric clo c k sc hemes. As the LP presen ted in [96 ] has almost

j G j

2

2

constrain ts

for a circuit with j G j gates, minarea retiming of large circuits is not feasible. In this section w e

presen t an e�cien t metho d for minarea retiming of large lev el-clo c k ed circuits. Our approac h

is to impro v e the e�ciency of minarea retiming b y

(a) reducing the size of the LP ,

(b) generating this LP faster, and

(c) solving the LP e�cien tly .

Reducing the size of the LP reduces the space requiremen t of minarea retiming making it

feasible for large circuits. E�cien t tec hniques for generating the LP are essen tial to retime large

circuits in reasonable times. Lastly since the size of ev en the reduced LP will b e signi�can t,

highly e�cien t algorithms for solving it are imp erativ e.

In this section w e �rst presen t the LP form ulation of minarea retiming. W e then reduce

the size of this LP , b oth in terms of n um b er of v ariables and constrain ts, without sacri�cing

an y optimalit y . Finally w e presen t e�cien t tec hniques for generating and solving this LP .

5.5.1 The Minarea Linear Program

The minarea retiming LP for lev el-clo c k ed circuits is similar to the LP for edge-triggered

circuits giv en in Equation (2.7). The decision v ariables of this LP are the r v ariables of the

gates, and the ob jectiv e function represen ts the n um b er of latc hes added to the retimed circuit

in relation to the original circuit. Since the latc hes at the output of a gate can b e com bined
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or shared, w e use the mirror v ertex mo del of Section 2.1.4 to tak e in to accoun t maximal latc h

sharing.

Lik e the minarea LP of Equation (2.7), the minarea LP for lev el-clo c k ed circuit also con-

tains circuit constrain ts, p erio d constrain ts and mirror constrain ts. The circuit and mirror

constrain ts are de�ned in the same w a y as in Section 2.1.4. Since the timing constrain ts in

lev el-clo c k ed circuits are di�eren t than those in edge-triggered circuit, the p erio d constrain ts

are deriv ed as follo ws

F or a k phase symmetric clo c k w e ha v e T

�

i

= T

�

8 i = 1 � � � k and � =

T

�

k

. F or a lev el-

clo c k ed circuit to b e prop erly clo c k ed the dela y on an y path should b e less than the time

a v ailable, i.e.,

d ( p ) � ( w

r

( p ) + 1) � � + T

�

8 p : u  v (5.9)

This constrain t can b e rewritten after substitution of Equation (2.1) as

r ( u ) � r ( v ) � w ( p ) �

d ( p )

�

+ 1 +

T

�

�

8 p : u  v (5.10)

Clearly if there are m ultiple paths from u to v , only the tigh test constrain t (one with minim um

righ t hand side) is irredundan t. W e denote the minim um v alue of

h

w ( p ) �

d ( p )

�

i

o v er all paths

from u to v b y � ( u; v ), i.e.,

� ( u; v ) = min

8 p : u  v

�

w ( p ) �

d ( p )

�

�

(5.11)

Let us de�ne �( u; v ) as

�( u; v ) =

�

� ( u; v ) +

T

�

�

+ 1

�

(5.12)

Since the retiming v ariables r ( u ) and r ( v ) are in tegers, w e can rewrite relation (5.10) as the

p erio d constrain ts

r ( u ) � r ( v ) � �( u; v ) 8 p : u  v (5.13)

W e no w ha v e the constrained minarea retiming LP as:

minimize

P

v 2 V [ M

h�

P

8 j 2 F I ( v )

� ( e

j v

) �

P

8 j 2 F O ( v )

� ( e

v j

)

�

� r ( v )

i

sub ject to r ( u ) � r ( v ) � c

uv

8 ( u; v ) 2 C (5.14)

�1 � r ( u ) � 1 8 u 2 ( V [ M )

where C = C

p

[ C

c

[ C

m

is the constrain t set of the LP , and includes the p erio d constrain t set

( C

p

), the circuit constrain t set ( C

c

) and the mirror constrain t set ( C

m

). A constrain t ( i; j ) in

the constrain t set C is

r ( i ) � r ( j ) � c

ij

8 ( i; j ) 2 C

where c

ij

= w ( e

ij

) 8 ( i; j ) 2 C

c

, i.e., e

ij

2 E

c

ij

= �( i; j ) 8 ( i; j ) 2 C

p

, i.e., i 2 V and j 2 V

c

ij

= w ( max

i

) � w ( e

j m

i

) 8 ( i; j ) 2 C

m

, i.e., m

i

2 M and 8 j 2 F O ( i )

(5.15)
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5.5.2 Reducing the Linear Program

T o reduce the space requiremen ts of minarea LP , it is imp erativ e that w e ha v e some tec h-

niques to prune the constrain ts as they are generated, rather than after all the constrain ts ha v e

b een generated. In this section w e will tak e adv an tage of the relationship b et w een retiming and

GDT presen ted in Section 5.3 to reduce the size of the LP b y using b ounds on the r v ariables.

As in Section 3.2.2, the ALAP and ASAP retimings describ ed in Section 5.4.3.1 giv e us

b ounds on the r v ariables, of the form

L

u

� r ( u ) � U

u

8 v 2 V (5.16)

These b ounds giv e us a reduced v ariable set V

0

� V as

V

0

= f v 2 V j U

v

6= L

v

g (5.17)

W e use Theorem 1 to obtain b ounds on the mirror v ariables and th us obtain the reduced mirror

v ariable set M

0

= f v 2 M j U

v

6= L

v

g .

Example : F or the circuit in Figure 5.1, the ASAP lo cation for the latc h L 1 is at the output

of gate G 1 as sho wn in Figure 5.3. The n um b er of latc hes mo v ed across eac h gate in arriving

at this ASAP lo cation, and hence the upp er b ounds are: U

G 1

= 0, U

G 2

= 1, U

G 3

= 1, and

U

G 4

= 0. The ALAP lo cation of latc h L 1 as sho wn in Figure 5.2, is at the output of gate G 2.

The n um b er of latc hes mo v ed across eac h gate in arriving at this ALAP lo cation, and hence

the lo w er b ounds are: L

G 1

= 0, L

G 2

= 0, L

G 3

= 1, and L

G 4

= 0, i.e.

V = f G 1 ; G 2 ; G 3 ; G 4 g

V

0

= f G 2 g

The presence of the b ounds obtained in Equation (5.16) mak es a large n um b er of constrain ts

redundan t, i.e., these constrain ts are implied b y the b ounds. W e no w presen t a rule to iden tify

these redundan t constrain ts.

Rule 5 A ny c onstr aint ( i; j ) of the form r ( i ) � r ( j ) � c

ij

is r e dundant in the pr esenc e of the

b ounds of Equation (5.16) and c an b e dr opp e d if U

i

� L

j

� c

ij

.

Pro of : It can b e seen from the b ounds on r ( i ) and r ( j ) in Equation (5.16) that

r ( i ) � r ( j ) � U

i

� L

j

Therefore, if U

i

� L

j

� c

ij

then r ( i ) � r ( j ) � c

ij

m ust also b e true. Th us an y constrain t

( i; j ) is redundan t and can b e dropp ed if U

i

� L

j

� c

ij

.

T o obtain the reduced constrain t set C

0

� C w e accept only those constrain ts from C that

are not dropp ed b y the application of Rule 5

2

. Th us

C

0

= f ( i; j ) 2 C j U

i

� L

j

> c

ij

g (5.18)

2

Some additional tec hniques to prune redundan t p erio d constrain ts are presen ted later in Section 5.5.3.3
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Th us the original LP in Equation (5.14) is reduced to a m uc h smaller y et equiv alen t LP

giv en b elo w

minimize

P

v 2 V

0

[ M

0

h�

P

8 j 2 F I ( v )

� ( e

j v

) �

P

8 j 2 F O ( v )

� ( e

v j

)

�

� r ( v )

i

(5.19)

sub ject to r ( u ) � r ( v ) � c

uv

8 ( u; v ) 2 C

0

L

u

� r ( u ) � U

u

8 u 2 V

0

5.5.3 Generating the Reduced Linear Program

A ma jor p ortion of the e�ort in retiming a lev el-clo c k ed circuit for minim um area is sp en t

in generating the p erio d constrain ts set C

0

p

. W e no w describ e e�cien t tec hniques for generating

this set C

0

p

. The generation of p erio d constrain ts requires computation of � v alues for all-pairs

of gates in the circuit. Ho w ev er if the ALAP retiming satis�es the target clo c k p erio d

3

, then

w e need to compute � v alues only from 
exible gates, as stated in the follo wing theorem.

Theorem 6 If the ALAP r etiming satis�es the tar get clo ck p erio d, any p erio d c onstr aint fr om

a �xe d no de a (i.e., U

a

= L

a

) is r e dundant in the pr esenc e of the b ounds of Equation (5.16)

and ne e d not b e gener ate d.

Pro of : Since ALAP p ositions are feasible solutions the follo wing holds for all constrain ts in

C

p

.

L

i

� L

j

� �( i; j ) 8 ( i; j ) 2 C

p

(5.20)

Consider an y p erio d constrain t ( a; b ) 2 C

p

from a �xed gate a , to an y other gate b of the

form r ( a ) � r ( b ) � �( a; b ). By relation (5.20) L

a

� L

b

� �( a; b ), and b y Equation (5.16)

r ( a ) � r ( b ) � U

a

� L

b

. Because gate a is �xed U

a

= L

a

, therefore r ( a ) � r ( b ) � L

a

� L

b

�

�( a; b ). Th us the constrain t ( a; b ) is redundan t and can b e dropp ed. Since this is true

for an y p erio d constrain t from gate a , w e do not need to generate an y p erio d constrain t

from a �xed gate, as they will all b e redundan t.

5.5.3.1 Computing the � V alues

The � v alues can b e obtained b y re-w eigh ting eac h edge e

ij

with w

0

( e

ij

) =

h

w ( e

ij

) �

d ( i )

�

i

and computing all-pair shortest paths. W e use Johnson's algorithm [17 ] whic h has O ( j V j )

memory requiremen t, since O ( j V j

2

) memory is not practical for large circuits with tens of

3

Notice that if the maxim um gate dela y in the circuit is more than the activ e p erio d T

�

, it is p ossible for

ALAP retiming to violate the target clo c k p erio d ev en if the target clo c k p erio d is feasible b y retiming alone.

This is b ecause the metho d of �nding ALAP retiming con v erts a (con tin uous) sk ew optimization solution to a

(discrete) retiming solution. This, ho w ev er, do es not imply that these ALAP b ounds are wrong, but merely

that they are not tigh t enough. In lev el clo c k ed circuits, due to the 
exibilit y o�ered b y the transparen t nature

of latc hes it is v ery unlik ely that the ALAP retiming will violate the target clo c k p erio d, and in our exp erimen ts

no ALAP retiming violated the target clo c k p erio d.
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thousand gates. Johnson's algorithm �rst re-w eigh ts all edges to ensure nonnegativ e edge

w eigh ts. The shortest paths b et w een all pair of gates are then computed b y running Dijkstra's

algorithm for eac h gate as source.

Let us consider a particular run of Dijkstra's algorithm with gate a as the source, and let

b b e a gate to whic h the shortest path � ( a; b ) has b een obtained. Let c b e an y other gate in

the circuit, reac hable from gate a .

By de�nition, r ( a ) � r ( b ) � U

a

� L

b

If U

a

� L

b

� � ( a; b ) ;

then r ( a ) � r ( b ) � � ( a; b ) : (5.21)

F rom relation (5.10) and (5.11)

r ( b ) � r ( c ) � � ( b; c ) +

T

�

�

+ 1 ;

whic h when com bined with relation (5.21) giv es

r ( a ) � r ( c ) � � ( a; b ) + � ( b; c ) +

T

�

�

+ 1 (5.22)

If the shortest path from gate a to gate c do es not go through gate b , then � ( a; b ) + � ( b; c ) �

� ( a; c ) and w e do not need to pro cess the fanouts of gate b to obtain � ( a; c ). On the other hand,

if the shortest path from gate a to gate c is indeed through gate b then � ( a; b ) + � ( b; c ) = � ( a; c )

and relation (5.22) is same as the p erio d constrain t r ( a ) � r ( c ) � �( a; c ). If U

a

� L

b

� � ( a; b )

then this p erio d constrain t is redundan t. In either case w e need not pro cess the fanouts of

gate b . Since this is true for an y c , reac hable from gate a , and w e are in terested only in gates

reac hable from gate a , w e get the follo wing rule.

Rule 7 If during the shortest p ath c alculations fr om sour c e a using the Dijkstr a's algorithm,

for any gate b we have U

a

� L

b

� � ( a; b ) , we do not ne e d to pr o c ess the fanouts of gate b .

W e tak e adv an tage of the b ounds on r v ariables to sp eed up the computations, b y applying

Theorem 6 to compute � v alues only from the 
exible gates, and using Rule 7 to reduce the

computation for the � v alues actually computed. W e found that this signi�can tly impro v ed

the time tak en to generate the p erio d constrain ts.

5.5.3.2 Reusing � Computations

W e no w describ e ho w to reuse some of the computations p erformed in obtaining the �

v alues to further sp eed up the generation of p erio d constrain ts. The idea is motiv ated b y the

fact that in most practical circuits (e.g., ISCAS-89) a high p ercen tage of gates are single-fanout

gates. Consider one suc h single-fanout gate a with fanout b . F or the gate a , the shortest paths

to all other gates m ust b e via gate b , whic h implies that � ( a; c ) = w

0

( e

ab

) + � ( b; c ). Therefore
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w e can obtain the shortest paths from gate a b y simply adding w

0

( e

a;b

) to the shortest paths

from gate b . Th us if w e someho w ensure that shortest paths from gate b are obtained just

b efore those from gate a , w e will sa v e one complete execution of Dijkstra's algorithm for gate

a as source. W e call this approac h \c haining" and the set of gates for whic h only one set of �

computations is p erformed as \c hains". W e no w de�ne a simple c haining tec hnique that stores

� v alues from only one source, hence w e call it \1-c haining".

F or 1-c haining a graph G ( V ; E ) w e prepro cess it to get a set of c hains 
 = f !

1

; !

2

: : : !

j 
 j

g

suc h that ev ery v ertex in the graph is included in exactly one c hain, i.e.,

!

i

\ !

j

= ; 8 i 6= j and !

1

[ !

2

[ : : : !

j 
 j

= V

Eac h c hain !

i

itself is a ordered list (of size j !

i

j ) of v ertices in the graph, i.e., !

i

= <

!

i

1

; !

i

2

: : : !

i

j !

i

j

> . Th us !

i

j

is the j

th

gate in the i

th

c hain. The �rst gate !

i

1

in a c hain !

i

is called its head, and all gates in a c hain except the head m ust ha v e only one fanout, i.e.,

j F O ( !

i

j

) j = 1 8 i and 8 j > 1. The gates in a c hain are ordered suc h that an y fanin of a gate

app ears after it in the c hain, i.e.,

e

!

i

j +1

!

i

j

2 E 8 i and 1 � j < j !

i

j

W e only need to obtain the � v alues from the gates that are at the head of a c hain, i.e.,

w e only need to compute the v alues � ( !

i

1

; u ) 8 u 2 V and 1 � i � j 
 j . F or all other gates the �

v alues can b e obtained b y adding the re-w eigh ted edge w eigh t to the � v alues from its fanouts,

i.e.,

� ( !

i

j +1

; u ) = � ( !

i

j

; u ) + w

0

( e

!

i

j +1

!

i

j

) 8 u 2 V and 1 � j < j !

i

j and 1 � i � j 
 j

Notice that for a gate that is not at the head of an y c hain w e obtain the � v alues b y a

simple addition, instead of a full run of Dijkstra's algorithm. Since w e need to run Dijkstra's

algorithm only for gates at the head of a c hain w e need to p erform only j 
 j single-source

shortest path computations ( j 
 j � j V j ). Th us our goal in obtaining these c hain is to reduce

there n um b er, i.e., minimize j 
 j . In the w orst case where ev ery gate in the circuit has more

than one fanout, eac h c hain con tains only one gate, and j 
 j = j V j , then w e need to p erform the

complete Johnson's algorithm. The idea of c haining can b e further generalized. Conceptually

there are t w o extremes of c haining:

� No information ab out the � v alues is stored, e.g., rep eated single-source shortest paths

algorithms lik e Johnson's algorithm with O ( j V j ) memory requiremen ts.

� All information ab out the � v alues is stored, e.g., direct all-pairs shortest path algorithms

lik e Flo yd W arshall algorithm [17 ] with O ( j V j

2

) memory requiremen ts.

The 1-c haining describ ed ab o v e is an in termediate metho d in whic h w e sa v e � v alues from only

one source. Conceptually w e can de�ne k -c haining as a metho d that stores � v alues from k
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appropriately c hosen sources. This k -c haining in general will require O ( k � j V j ) memory and

careful selection of the k sources, and is not considered in this thesis.

W e no w describ e a simple prepro cessing tec hnique to obtain 1-c haining. This prepro cessing

step �rst assigns a lab el to eac h gate whic h indicates the n um b er of gates that can reuse its

� computation. All the gates ha v e their lab els initialized to 0. These lab els are up dated

b y a relaxation step, in whic h ev ery single-fanout gate relaxes the lab el of its fanout gate

b y increasing it (to its o wn lab el plus one). Since m ultiple-fanout gates can not reuse �

computations of their fanout gates in 1-c haining, they do not relax the lab els of their fanout

gates. This relaxation pro cess is �nite b ecause w e cannot ha v e cycles con taining only single-

fanout gates. The c hains are then formed b y initializing a queue with all m ultiple-fanout gates.

Ev ery gate in this queue starts a new c hain. F or the gate at the end of the c hain, w e pro cess

the fanin gates, adding the single-fanout gate with the highest lab el (amongst the fanins) to

the c hain; all other gates in the fanin are added to the queue. The fanins of the gate no w at

the end of the c hain are pro cessed similarly , un til no more gates can b e added to this c hain.

This pro cedure is rep eated un til the queue is empt y .

W e found that, on an a v erage w e could reduce the time sp en t in generating the p erio d

constrain ts b y ab out 50% using the simple 1-c haining tec hnique describ ed ab o v e. The time

sp en t in prepro cessing to obtain 1-c haining is v ery small, making it a useful pro cedure ev en if

only a small n um b er of gates ha v e single fanout. As a side note, Rule 7 m ust b e mo di�ed for

use with c haining to ensure it is holds for all gates that reuse the � computation.

5.5.3.3 Additional Constrain t Pruning T ec hniques

W e no w presen t some more tec hniques to remo v e redundan t p erio d constrain ts. Consider

three gates a , b and c , suc h that gate b lies on the path from gate a to gate c .

If gate b is a fanin of gate c then w e ha v e

C 1 : r ( a ) � r ( b ) � �( a; b )

C 2 : r ( b ) � r ( c ) � w ( e

bc

)

C 3 : r ( a ) � r ( c ) � �( a; c )

If �( a; b ) + w ( e

bc

) � �( a; c ) then constrain t C 3 is redundan t and can b e dropp ed. This leads

us to the follo wing rule

Rule 8 If b and c ar e two gates r e achable fr om gate a , such that gate b is a fanin of gate c

and �( a; b ) + w ( e

bc

) � �( a; c ) then the p erio d c onstr aint fr om gate a to c is r e dundant and c an

b e dr opp e d.

Since w e generate the p erio d constrain ts from one gate (sa y gate a ) at a time, b oth �( a; b )

and �( a; c ) are a v ailable in the same iteration. F urther b ecause gate b is a fanin of gate c the

v alue w ( e

bc

) is a v ailable directly from the circuit graph. Therefore Rule 8 can b e e�cien tly
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applied to drop redundan t p erio d constrain ts as they are generated. This reduces the space

(memory) requiremen t of the p erio d constrain ts.

If gate b is a fanout of gate a then w e ha v e

C 4 : r ( a ) � r ( b ) � w ( e

ab

)

C 5 : r ( b ) � r ( c ) � �( b; c )

C 6 : r ( a ) � r ( c ) � �( a; c )

If w ( e

ab

) + �( b; c ) � �( a; c ) then constrain t C 6 is redundan t and can b e dropp ed. This leads

us to the follo wing rule.

Rule 9 If gate b is a fanout of gate a and gate c is some gate r e achable fr om gate b , then if

w ( e

ab

) + �( b; c ) � �( a; c ) then the p erio d c onstr aint fr om gate a to c is r e dundant and c an b e

dr opp e d.

T o apply Rule 9 w e require the v alue of �( b; c ) and �( a; c ). Since w e generate p erio d constrain ts

from one gate at a time, the p erio d constrain ts to a gate ( c ) from t w o di�eren t sources (gate a

and b ) cannot b e e�cien tly accessed. Th us it w ould app ear that Rule 9 cannot b e e�cien tly

applied. Ho w ev er b ecause of the reuse of � computation describ ed in Section 5.5.3.2, Rule 9

can b e e�cien tly applied if gate a has only one fanout (gate b ). This is p ossible b ecause �( a; c )

is deriv ed from �( b; c ), and hence b oth are a v ailable when the p erio d constrain t from a to c

is b eing generated. Th us w e can drop redundan t p erio d constrain ts from gate a as they are

generated.

Rule 5 is v alid only in presence of the b ounds and it prunes the constrain t sets b ecause

the information in these b ounds mak e some constrain ts redundan t. Rule 8 and Rule 9 on the

other hand do not dep end on b ounds and, they prune the p erio d constrain t set b ecause of the

discrete nature of the � v alues. Rule 8 and Rule 9, can b e generalized to include implication b y

more than t w o constrain ts; these generalized rules will, ho w ev er, b e computationally exp ensiv e

to apply .

5.5.4 Solving the Linear Program

Lik e Equation (3.8), the LP in Equation (5.19) is also the dual of a min-cost 
o w problem,

and w e use the net w ork simplex algorithm describ ed in Section 3.3.3 to solv e the dual. Using

this metho d w e could solv e a mincost 
o w problems with 70,000 v ariables and 8.2 million

constrain ts in ab out 9 min utes.

5.6 Exp erimen tal Results

W e p erformed retiming on the complete ISCAS-89 b enc hmark suite, but presen t results

only on the larger circuits. Due to una v ailabilit y of large circuits, w e com bine circuits from
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T able 5.1 Qualit y of Retiming for Single Phase Circuits

Circuit j G j P erio d # Latc hes CPU time

P

i

P

s

P

r

R

per iod

j 	

i

j j 	

p

j j 	

a

j R

ar ea

T

per iod

T

ar ea

s3384 1,685 84.0 38.5 38.5 54.2% 183 326 164 10.4% 0.23s 2.34s

s4863 2,342 116.0 59.0 59.0 49.1% 104 254 114 -9.6% 0.22s 4.94s

s5378 2,779 48.0 48.0 48.0 0.0% 179 263 143 20.1% 0.21s 2.99s

s6669 3,080 118.7 49.0 49.0 58.7% 239 472 278 -16.3% 0.56s 4.09s

s13207.1 7,791 127.0 120.0 120.0 5.5% 627 890 446 28.9% 1.09s 13.94s

s15850.1 9,617 187.0 147.0 147.0 21.4% 527 869 533 -1.1% 1.84s 38.26s

s35932 16,065 77.0 71.0 71.0 7.8% 1728 2076 1795 -3.9% 2.81s 63.21s

s38584.1 19,253 125.0 118.0 118.0 5.6% 1426 3298 1427 -0.1% 4.10s 1:49.76s

s38417 21,370 68.7 56.0 56.0 18.5% 1564 2436 1360 13.0% 4.20s 5:28.60s

m y ex1 28,946 256.0 216.0 216.0 15.6% 1953 4332 1958 -0.3% 8.75s 5:32.08s

m y ex2 40,661 104.0 97.0 97.0 6.7% 2990 6197 2763 7.6% 9.28s 23:14.83s

m y ex3 56,751 137.0 119.0 119.0 13.1% 4718 8918 4533 3.9% 14.24s 1:2:22.48s

T able 5.2 Qualit y of Retiming for Tw o Phase Circuits

Circuit j G j P erio d # Latc hes CPU time

P

i

P

s

P

r

R

per iod

j 	

i

j j 	

p

j j 	

a

j R

ar ea

T

per iod

T

ar ea

s3384 1,685 126.0 38.5 38.5 69.4% 366 638 337 7.9% 0.40s 2.56s

s4863 2,342 117.0 59.0 59.0 49.6% 208 473 234 -12.5% 0.29s 5.36s

s5378 2,779 48.0 48.0 48.0 0.0% 358 480 286 20.1% 0.29s 3.22s

s6669 3,080 178.0 49.0 49.0 72.5% 478 960 542 -13.4% 0.76s 6.17s

s13207.1 7,791 127.0 120.0 120.0 5.5% 1,254 1,795 890 29.0% 1.48s 18.61s

s15850.1 9,617 187.0 147.0 147.0 21.4% 1,054 1,777 1,041 1.2% 2.53s 45.82s

s35932 16,065 77.0 71.0 71.0 7.8% 3,456 4,144 3,523 -1.9% 3.98s 67.26s

s38584.1 19,253 125.0 118.0 118.0 5.6% 2,852 7,558 2,852 0.0% 5.02s 1:57.52s

s38417 21,370 103.0 56.0 56.0 45.6% 3,128 4,938 2,766 11.6% 30.45s 6:26.99s

m y ex1 28,946 256.0 216.0 216.0 15.6% 3,906 9,065 3,891 0.4% 10.08s 6:37.48s

m y ex2 40,661 128.0 97.0 97.0 24.2% 5,980 13,820 5,551 7.2% 11.25s 31:16.52s

m y ex3 56,751 137.0 119.0 119.0 13.1% 9,436 17,019 9,041 4.2% 17.46s 1:19:43.07s

the ISCAS-89 b enc hmark suite to obtain circuits (m y ex1 through m y ex3) with up to 56,000

gates. W e presen t results for b oth minarea and minp erio d retiming on single phase and t w o

phase circuits. These results are for a dut y cycle and phase ratio of 50%. In absence of dela y

information in the ISCAS-89 circuits, w e assign random dela y v alues (b et w een 1.0 and 20.0

units) to eac h gate. As in [96 ] w e con v ert the edge-triggered circuits in ISCAS-89 b enc hmark

to a k phase lev el-clo c k ed circuits b y replacing eac h FF b y k latc hes.

T able 5.1 and T able 5.2 presen t the qualit y of retiming for single phase and t w o phase

circuits resp ectiv ely . F or eac h circuit the n um b er of gates j G j , the initial clo c k p erio d P

i

, the

optimal clo c k p erio d with sk ews at end of Phase A P

s

, the �nal clo c k p erio d after retiming

P

r

, and the p ercen tage decrease in clo c k p erio d R

per iod

=

P

i

� P

r

P

i

are sho wn. Retiming is able

to ac hiev e the same clo c k p erio d as sk ew optimization in all the cases. This is p ossible due to

the transparen t nature of the latc hes and underscores the usefulness of retiming lev el-clo c k ed

circuits. Retiming is also able to ac hiev e signi�can t reduction in the clo c k p erio d, on an a v erage

the clo c k p erio d is reduced 21.5% for single phase circuits, and 27.52% for t w o-phase circuits.
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T able 5.3 Reduction in the Size of LP for Single Phase Circuits

Circuit G

f x

F

av g

# V ariables # Constrain ts

Minaret-L Original R

v ar iables

Minaret-L Original R

constr aints

s3384 9.18% 2.59 1,988 2,166 8.22% 33,103 761,365 95.65%

s4863 17.28% 1.21 2,497 2,995 16.63% 32,880 5,481,911 99.40%

s5378 25.50% 1.09 2,728 3,664 25.55% 17,121 4,595,645 99.63%

s6669 26.38% 0.98 3,089 4,100 24.66% 14,267 1,923,524 99.25%

s13207.1 19.97% 3.00 7,449 9,180 18.86% 45,563 22,908,799 99.80%

s15850.1 23.46% 1.88 8,813 11,332 22.23% 64,283 39,493,334 99.84%

s35932 8.43% 2.66 20,071 21716 7.58% 145,978 130,080,328 99.89%

s38584.1 14.21% 2.20 20,501 23,390 12.35% 118,771 293,482,797 99.96%

s38417 1.51% 4.66 25567 25,923 1.37% 1,289,378 149,492,588 99.14%

m y ex1 13.27% 2.32 30,287 34,417 12.00% 142,525 504,055,977 99.97%

m y ex2 4.25% 4.34 47,409 49,214 3.67% 1,608,132 819,701,299 99.80%

m y ex3 1.36% 5.19 69,546 70,414 1.23% 3,608,210 1,624,913,333 99.78%

W e also sho w the area cost in terms of n um b er of latc hes in the initial circuit j 	

i

j , the

circuit after minp erio d retiming j 	

p

j , and the circuit after constrained minarea retiming with

P

r

as the target p erio d j 	

a

j . The p ercen tage decrease in n um b er of latc hes from the initial

circuit is giv en b y R

ar ea

=

j 	

i

j�j 	

a

j

j 	

i

j

. F or almost all circuits, minarea retiming reduces the

n um b er of latc hes j 	

a

j in the circuit b y a factor of t w o to three as compared to minp erio d

retiming j 	

p

j , ev en though b oth retime the circuit for the same clo c k p erio d P

r

. This sho ws

the imp ortance of minarea retiming.

The execution time in seconds on a DEC AXP system 3000/900 w orkstation, with 256M

RAM is sho wn for b oth minarea retiming T

ar ea

and minp erio d retiming T

per iod

, and highligh t

the e�ciency of our tec hniques. The minp erio d retiming presen ted here is more e�cien t than

the one for edge-triggered circuits in [109 ] b ecause it uses the simpler pro cedure presen ted in

Section 5.4.2 for Phase B latc h relo cation. The CPU time for minarea timing T

ar ea

w as hea vily

dominated ( > 90% for large circuits) b y the time required to generate the LP , this emphasizes

the imp ortance of our use of e�ciency-enhancing tec hniques (c haining, Rule 7, and Theorem 6)

while generating the LP .

As can b e seen from the results, retiming (minp erio d + minarea) can obtain signi�can t

reduction in the clo c k p erio d with no or little area o v erhead. F or example in t w o phase clo c king,

for most circuits (except s4863, s6669 and s35932 ) the clo c k p erio d is reduced with no area

o v erhead; in fact the area is also reduced (in some cases signi�can tly , e.g., 29% for s13207.1 ).

F or the other circuits the area o v erhead is small compared to the gain in clo c k sp eed, e.g., for

s6669 a 13.4% area o v erhead can reduce the clo c k p erio d b y 72.5%.

T able 5.3 pro vides a closer lo ok at the reduction in the size of LP for minarea retiming for

single phase circuits, while T able 5.4 has results for t w o phase circuits. The size of the LP is

sho wn in terms of the n um b er of v ariables and the n um b er of constrain ts. Original represen ts
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T able 5.4 Reduction in the Size of LP for Tw o Phase Circuits

Circuit G

f x

F

av g

# V ariables # Constrain ts

Minaret Original R

v ar iables

Minaret Original R

constr aints

s3384 8.15% 5.22 2,006 2,166 7.39% 55,980 761,365 92.65%

s4863 10.51% 2.30 2,706 2,995 9.65% 72,451 5,481,911 98.68%

s5378 19.32% 2.23 2,970 3,664 18.94% 31,765 4,595,645 99.31%

s6669 10.04% 1.92 3,735 4,100 8.90% 20,841 1,923,524 98.92%

s13207.1 17.57% 6.25 7,656 9,180 16.60% 55,395 22,908,799 99.76%

s15850.1 21.60% 3.81 9,013 11,332 20.46% 69,142 39,493,334 99.83%

s35932 7.27% 5.07 20,264 21,716 6.69% 189,068 130,080,328 99.85%

s38584.1 13.78% 4.39 20,590 23,390 11.97% 127,488 293,482,797 99.96%

s38417 0.87% 9.43 25,735 25,923 0.73% 2,446,798 149,492,588 98.36%

m y ex1 12.63% 4.70 30,489 34,417 11.41% 154,603 504,055,977 99.97%

m y ex2 1.52% 8.72 48,560 49,214 1.33% 3,638,182 819,701,299 99.56%

m y ex3 0.67% 10.41 70,000 70,414 0.59% 8,207,036 1,624,913,333 99.50%

the traditional LP of Equation (5.14) used in [96 ] while Minaret-L represen ts the reduced LP

of Equation (5.19). R

v ar iabl es

and R

constr aints

giv e the p ercen tage reduction in the n um b er of

v ariables and constrain ts resp ectiv ely , due to the pruning tec hniques presen ted in this c hapter.

Also presen ted are t w o metrics on the circuits: G

f x

the n um b er of gates found to b e �xed and

F

av g

the a v erage 
exibilit y , i.e., the a v erage v alues of ( U

y

� L

y

) o v er all gates in the circuits.

The n um b er of v ariables include b oth gate and mirror v ariables and hence the reduction in

v ariables can b e di�eren t from G

f x

whic h do es not include mirror v ertices. High G

f x

and lo w

F

av g

indicates less mobilit y or 
exibilit y in the circuit, yielding higher p ercen tage reduction in

the n um b er of constrain ts, and faster minarea retiming. It can b e seen that up to three orders

of magnitude reduction is obtained in the n um b er of constrain ts b y using Minaret-L, e.g., for

one phase circuit m y ex3 the n um b er of constrain ts reduce from ab out 1.6 billion to only 3.6

million. The n um b er of unpruned constrain ts gro w at the rate of O ( j G j

2

) and our pruning

tec hniques reduce this rate of gro wth signi�can tly . Although the b ounds on the r v ariables

help signi�can tly in reducing the CPU time for minarea retiming, the time sp en t in obtaining

these b ounds is a insigni�can t fraction (less than half a p ercen t) of the total CPU time for

minarea retiming. Amongst single phase and t w o phase circuits the single phase circuits ha v e

less 
exibilit y , and a m uc h smaller LP than t w o phase circuits.

5.7 Conclusion

E�cien t algorithms for b oth minp erio d and minarea retiming of large lev el-clo c k ed circuits

ha v e b een presen ted. The en tire ISCAS-89 b enc hmark suite could b e retimed in min utes. The

c hief reason for the e�ciency of this minp erio d algorithm is that it uses the retiming sk ew

relation to map the problem of retiming lev el-clo c k ed circuits to the m uc h simpler problem of

retiming edge-triggered circuit. This enabled us to greatly sp eed up the pro cess of p erforming
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binary searc h for the optimal clo c k p erio d. This is p ossible b ecause w e create a small and

sparse constrain t graph, only once rather than in eac h step of the binary searc h as done b y

traditional metho ds [96 , 70 ]. The second phase of minp erio d retiming is fast b ecause latc hes

do not ha v e to b e mo v ed across a large n um b ers of gates during retiming.

The minarea retiming algorithm is made practical for large circuits b y utilizing the retiming-

sk ew relation, and sev eral other pruning tec hniques (Rule 5, Rule 8 and Rule 9) to reduce

the LP in Equation (5.14) to a m uc h smaller LP in Equation (5.19), without sacri�cing an y

optimalit y . A reduction of t w o to three orders of magnitudes in the n um b er of constrain ts is

obtained for most circuits. The use of Theorem 6, Rule 7, and c haining, greatly sp eed up the

p erio d constrain t generation making the o v erall algorithm v ery e�cien t.

In summary , the con tributions of this c hapter, whic h applies retiming-sk ew relation for fast

minarea and minp erio d retiming for lev el-clo c k ed circuits are the follo wing:

� It handles lev el sensitiv e latc hes lik e edge triggered FF's, th us a v oiding a complicated

form ulation that is forced to handle critical path propagation o v er sev eral latc hes. This

also a v oids the need of generating the constrain t graph for ev ery p oin t in the binary

searc h, whic h is necessitated b y the fact that critical paths c hange with the clo c k p erio d

[70 ].

� It pro vides a conceptually simpler tec hnique than [109 ] for reducing the GDT's in Phase

B of minp erio d retiming whic h can also b e applied to edge-triggered circuits.

� It pro vides e�cien t tec hniques for generating and pruning the minarea LP .

� It sho ws that retiming can optimize large lev el-clo c k ed circuits for high p erformance with

little or no area o v erhead.

The algorithms presen ted in this c hapter can also b e used to solv e the in teresting problem

of optimizing edge-triggered circuits whic h allo w some sk ew (less than a giv en maxim um sk ew

magnitude) at the FF's. Some design metho dologies ma y allo w a small amoun t of sk ew at the

FF's. The metho d presen ted in this c hapter can tak e adv an tage of this sk ew to yield b etter

optimization.
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6 CONCLUSION

6.1 Conclusion

In this thesis w e presen ted e�cien t tec hniques for dela y and area optimization of sequen tial

circuits via retiming. Retiming relo cates the memory elemen ts in a circuit without c hanging

its b eha vior. Our tec hniques can handle large circuits (with tens of thousands of gates) using

either edge-triggered FF's or lev el-sensitiv e latc hes.

In Chapter 3 w e presen ted the Minaret algorithm, whic h solv es the problem of con-

strained minarea retiming for circuits with edge-triggered FF's through an amalgamation of

the Leiserson-Saxe approac h and the ASTRA approac h. By utilizing the merits of b oth ap-

proac hes an e�cien t algorithm for constrained minarea retiming, capable of handling v ery

large circuits, has b een dev elop ed. The basic idea is to use the ASTRA approac h to �nd tigh t

b ounds on the retiming v ariables. These b ounds then help ed us reduce b oth the n um b er of

v ariables and the n um b er of constrain ts in the problem without an y loss in accuracy . On an

a v erage Minaret obtained a 30% reduction in the n um b er of v ariables and an 80% reduction

in the n um b er of constrain ts. Minaret could retime a circuit with more than 56,000 gates in

under 15 min utes. In con trast the b est results published b efore ours [115 ] tak e ab out 39 hours

for a 8,000 gate circuit.

In Chapter 4 w e addressed the problem of minarea retiming with a guaran tee of equiv alen t

initial states, and called it minarea initial state retiming. In con trol logic the initial state

of a circuit is an in tegral part of the b eha vior, and hence an y retiming m ust also generate

an equiv alen t initial state for the retimed circuit in order for it to ha v e the same b eha vior

as the original circuit. The presence of an equiv alen t initial state w as guaran teed b y adding

\justi�cation upp er b ounds" on the retiming v ariables. These b ounds also help ed in obtaining

the equiv alen t initial state b y a simple metho d. T o obtain an accurate estimate of the n um b er

of FF's it is essen tial to correctly mo del the sharing of FF's with reset v alues at the output

of a gate. W e presen ted a 0/1 MILP form ulation to mo del this conditional FF sharing. This

mo del is also useful for p erforming minarea retiming of circuits that con tain more than one

kind of FF's, suc h that di�eren t kinds of FF's cannot b e shared with eac h other. Although

the form ulation requires us to solv e an MILP , our exp erimen tal results sho w ed that practical

size circuits can b e handled in reasonable time. This is ac hiev ed b y ensuring that the n um b er

of in teger v ariables in the LP is small.
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In Chapter 5 w e presen ted the equiv alence b et w een retiming and sk ew optimization for

lev el-clo c k ed circuits. W e also sho w ed that b y using the concept of Global Departure Time

(GDT), one can treat latc hes lik e FF's with the abilit y to absorb some sk ew, where the GDT

for a latc h corresp onds to sk ews in the case of a FF. This equiv alence w as then utilized to

ac hiev e fast retiming for large m ulti-phase lev el-clo c k ed circuits.

W e presen ted dela y and area optimization results on the en tire ISCAS b enc hmark suite

for b oth single phase and t w o phase clo c ks. W e obtained an a v erage 27.52% impro v emen t in

the clo c k p erio d, while also reducing the area b y 4.48% on an a v erage. In man y cases the

clo c k p erio d is reduced signi�can tly without an y area o v erhead, while in other cases, the area

o v erhead is small as compared to the gain in clo c k sp eed, e.g. for s6669 13.4% area increase

could reduce the clo c k p erio d b y 72.5%.

The adv an tages of utilizing the retiming-sk ew equiv alence are more signi�can t in lev el-

clo c k ed circuits than in edge-triggered circuits. The algorithms presen ted are v ery e�cien t,

and are able to retime a circuit with more than 56,000 gates in ab out 15 seconds for minim um

p erio d and 1.5 hours for minim um area. In con trast the only published results [54 ] are for

circuits with less than 400 gates. The reduction in the n um b er of constrain ts for lev el-clo c k ed

circuits w as as m uc h as three orders of magnitude, and the constrain ts for a 56,000 gate circuit

w ere reduced from 1.6 billion to 3.6 million.

6.2 Directions for F urther Researc h

Although a signi�can t amoun t of researc h has b een p erformed on retiming, some k ey issues

need to b e addressed b efore retiming is widely accepted b y the design comm unit y . W e no w

presen t some of these issues, and our though ts on them.

6.2.1 Restriction on Design St yles

The traditional retiming metho ds imp ose sev ere design st yle restrictions on the circuits

they can handle. Man y of these st yles are v ery p opular in high p erformance designs, and these

restrictions need to b e relaxed b efore retiming can b e applied to a large section of designs.

Some of these restrictions are

Gated clo c ks Man y lo w p o w er designs con tain gated clo c ks. A gated clo c k can b e mo deled b y

a MUX at the latc h input with a feed bac k lo op. This will enable retiming to treat gated

clo c k latc hes as ordinary latc hes, but this ma y result in a structure that is not recognizable

as a gated clo c k after retiming, and hence ma y not b e desired b y the designers. If the

gated clo c k latc hes are mark ed as latc hes that cannot b e mo v ed, then the gated clo c k

structure is preserv ed; ho w ev er, optimalit y ma y b e sacri�ced. A b etter approac h can b e

obtained b y dev eloping the tec hniques in [45 ].
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Multi-cycle paths T raditional retiming tec hniques do not handle designs con taining paths

on whic h data is allo w ed to propagate for more than one clo c k cycle. Multi-cycle paths

can b e handled for sp eci�ed-p erio d retiming b y using either the tec hniques of [57 ] or

[109 ]. Ho w ev er, p erforming minarea retiming on these circuits is a m uc h harder problem.

Registers with logic Most retiming algorithms assume that all registers ha v e only one data

input and one data output. Man y design libraries con tain registers with some logic, e.g,

A OI latc hes. This requires retiming tec hniques to handle library binding issues, suc h

as �nding logic in the fanin cone of the register to b e merged with it. Minim um area

retiming b ecomes more complex since the com binational part of the circuit is c hanged

b y register relo cation under this scenario.

Mix of register t yp es Designs con taining more then one t yp e of register are di�cult to

retime. In minp erio d retiming, di�eren t t yp es of registers can b e handled b y a p ost-

pro cessing phase. Ho w ev er, incorp orating di�eren t t yp es of registers in minarea retiming

is harder. One metho d is to form ulate the minarea LP assuming that all registers are of

the same t yp e and then use a p ost-pro cessing step to ensure that registers of di�eren t

t yp es are not merged or shared together; ho w ev er, the solution so obtained w ould not

b e optimal. The MILP form ulation in Section 4.3 can b e used for minarea retiming of

circuits with di�eren t register t yp es, although at a higher computational cost.

Don't Care timing assertions Some design con tains paths for whic h timing is not imp or-

tan t, i.e, with don't care timing assertions (e.g. scan c hain for testing or clo c k net w ork

paths). These paths should not limit the clo c k p erio d of the retimed circuit, but v alid

retimings m ust consider these paths when p erforming register mo v es. While the ASTRA

approac h can probably b e mo di�ed to handle these paths during minp erio d retiming,

handling these paths in minarea retiming app ears to b e harder problem.

6.2.2 V eri�cation

One of the main road-blo c ks in the use of retiming is the problem of v erifying the correctness

of retimed circuits. Retiming c hanges the n um b er and lo cation of memory elemen ts in the

circuit, hence for FSM's it c hanges b oth the enco ding of the states and the n um b er of states.

Sequen tial v eri�cation is therefore required to v erify retimed circuits. Unfortunately sequen tial

v eri�cation is a hard problem, ho w ev er, it is hop ed that v erifying circuits that are just retimed

v ersions of eac h other is p ossible and preliminary e�orts in this direction include [104 , 85 ].

Enough information ab out the register mo v emen t during retiming can b e pro duced b y

a retiming to ol to p ossibly enable Bo olean equiv alency c hec ks on the com binational parts

ev en though latc h b oundaries ha v e c hanged. Ho w ev er this metho d w ould not yield a true

indep enden t v eri�cation, whic h is the goal of the v eri�cation pro cess. One simple sanit y c hec k
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on retiming to ols is to p erform a structural v eri�cation b y v erifying that the n um b er of latc hes

on all cycles are the same [113 ].

6.2.3 P osition in Design Flo w

Retiming is a v ery general transform that can b e applied at v arious lev els of abstraction.

Retiming can b e used during high-lev el syn thesis to impro v esc hedules, and has b een used at

the data 
o w graph lev els for digital signal pro cessing applications. Gate lev el retiming can b e

used at almost an y stage during logic syn thesis, and �nding the b est p oin t in the design 
o w

at whic h to p erform retiming is a problem for further researc h. The abilit y to v erify retimed

circuits is a ma jor factor in determining the place of retiming in the design 
o w.

Retiming can b e applied early during the tec hnology indep enden t stage, since the �xed

dela y mo del used b y retiming is b etter suited for this stage. It could also b e applied near the

end of the syn thesis pro cess b ecause the sequen tial nature of retiming mak es it hard for the

designer to recorgnize the retimed circuit.

6.2.4 Impro v ed Dela y Mo dels

As men tioned earlier, one of the the main dra wbac ks of the curren t retiming algorithms is

that they assume constan t gate dela ys. Ev en in researc h that uses a more general dela y mo del

suc h as [54 , 127 ], the dela y of a gate do es not dep end on the n um b er of its fanouts. Although

retiming do es not c hange the top ology of a circuit, the sharing of FF's at the output of a gate

can c hange the n um b er of fanouts for that gate.

F or the circuits sho wn in Figure 6.1, let the dela y of a gate or a FF b e equal to the n um b er

of its fanouts. Di�eren t FF placemen ts can lead to di�eren t dela y distributions as sho wn in

Figure 6.1, e.g, f 5,5,5,5 g , f 4,4,4,4 g , f 5,5,5,3 g . Th us an y retiming algorithm using a fanout

dep enden t dela y mo del m ust also explore these dela y distribution options.

Iterating an appropriately mo di�ed ASTRA ma y b e able to obtain go o d appro ximate solu-

tions to this problem. An exact solution will, ho w ev er, most lik ely require constrain ts b et w een

all pairs of edges as in [54 ]. This w ould mak e the metho d incapable of handling large circuits.

Mo di�cations in the Minaret approac h ma y b e able to prune this constrain t set.

Retiming tec hniques with b etter dela y mo dels can b e com bined with transistor sizing [71 ,

110 ] for area and dela y optimization. While one w a y is to iterate b et w een retiming and sizing,

a more in tegrated approac h is lik ely to pro vide b etter results.

6.2.5 Retiming and Logic Syn thesis

Retiming is a simple y et p o w erful sequen tial transform, whic h op erates o v er the complete

sequen tial circuits, unlik e most other logic optimization tec hniques, whic h op erate only on

com binational sub-circuits. The sequen tial nature of retiming mak es it p ossible to impro v e
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Figure 6.1 Di�eren t path dela ys in a fanout dep enden t dela y mo del.

the qualit y of results obtained b y subsequen t com binational logic optimization. In general,

there are m ultiple v alid retiming solutions that ma y ha v e di�eren t e�ects on subsequen t logic

optimization. The retiming transform can p ossibly b e mo di�ed to giv e a di�eren t y et optimal

solution ev ery time so that retiming's e�ect on other logic optimization transforms is b etter

explored. Ho w ev er, this approac h will mak e application of incremen tal logic optimization

di�cult.

Most logic optimization transforms are rather lo calized and heuristic based com binational

transforms. Retiming, on the other hand, is a global sequen tial transform whic h is optimal

under its assumptions. One w a y to use retiming is to add it to the \bag of tric ks" used b y a

logic optimization to ol as in [33 ]. Another w a y is to use retiming in a more systematic w a y at

prede�ned p oin ts in the pro cess.

Preliminary e�orts at iterating b et w een standard retiming and com binational syn thesis

ha v e not resulted in signi�can t impro v emen ts [38 ]. W e b eliev e that a b etter w a y to com bine

retiming with other logic optimization tec hniques is to retime a circuit so as to giv e the largest

p ossible com binational sub-circuits. Our approac h is to p erform a mo di�ed minarea retiming

called mincut retiming, where the ob jectiv e is to minimize the n um b er of edges that con tain

one or more FF's on them. The justi�cation for this ob jectiv e function is that, when con v erting

a sequen tial circuit to com binational sub-circuits, ev ery edge with at least one FF on it is cut

b y adding a primary output and a primary input. Hence the ob jectiv e should b e to minimize

these cuts, i.e., edges with one or more FF on them, and not the total n um b er of FF's in the
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circuit. This problem can b e form ulated as the follo wing MILP

minimize

P

v 2 V

z ( v ) (6.1)

sub ject to w ( e

uv

) + r ( v ) � r ( u ) � F � z ( u ) 8 e

uv

2 E

r ( u ) � r ( v ) � w ( e

uv

) 8 e

uv

2 E

z ( v ) 2 f 0 ; 1 g 8 v 2 V

where z ( u ) is a 0/1 in teger v ariable, if there is at least one FF at the fanout of gate u then

z ( u ) = 1, otherwise z ( u ) = 0. F is a large constan t suc h that no edge can ha v e more than F

n um b er of FF's after retiming, i.e, F = j F F j . This MILP can b e mo di�ed to include p eripheral

retiming [81 ] b y remo ving the circuit constrain ts corresp onding to the p eripheral edges.

The optimal solution of this MILP is used to retime the circuit, whic h is then con v erted to

com binational sub-circuits. Eac h of these sub-circuits are then separately optimized, and the

full circuit recreated b y recom bining these sub-circuits. The sequen tial circuit th us obtained

is again retimed for the desired clo c k p erio d.
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